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Warning: This is an Al-translated version of my German lectures notes, performed by Gemini 8 Flash
Preview. 1 have not checked whether Gemini introduced errors. Use with care!

Preface

The present notes are based on lectures in the winter semester 2013/14 and in the summer semester
2018 at the Friedrich Schiller University in Jena. These were 3 + 1 lectures for the Master’s program
in mathematics. My goal was to prove the main theorems of the character theory of finite groups as
quickly and elementarily as possible. Only prior knowledge of Algebra 1 was required from the audience
(elementary group theory and some Galois theory). I have consistently avoided the terms “module” and
“group algebra” (usually components of an Algebra 2 lecture). I would like to thank René Reichenbach
and Sebastian Uschmann for numerous error reports and suggestions for improvement.

The following sources form the basis of the notes (in descending priority):
e Kiilshammer, Skript zur Darstellungstheorie
e Isaacs, Character theory of finite groups, AMS Chelsea Publishing, Providence, RI, 2006

e Huppert, Character theory of finite groups, Expositions in Mathematics, Vol. 25, Walter de
Gruyter GmbH & Co., Berlin, 1998

e Berkovich and Zhmud, Characters of finite groups. Part 1, Translations of Mathematical Mono-
graphs, Vol. 172, American Mathematical Society, Providence, RI, 1998.

e Huppert, Endliche Gruppen I, Die Grundlehren der Mathematischen Wissenschaften, Band 134,
Springer-Verlag, Berlin, 1967

e [saacs, Finite group theory, Graduate Studies in Mathematics, Vol. 92, American Mathematical
Society, Providence, RI, 2008

e Berkovich, Groups of prime power order 1, Expositions in Mathematics, Vol. 46, Walter de
Gruyter GmbH & Co. KG, Berlin, 2008

e Tao, Hilbert’s fifth problem and related topics, https://terrytao.wordpress.com/2011,/08/27/254a-
notes-0-hilberts-fifth-problem-and-related-topics

e Grove, Groups and characters, Pure and Applied Mathematics, John Wiley & Sons Inc., New
York, 1997

e Fulton and Harris, Representation theory, Graduate Texts in Mathematics, Vol. 129, Springer-
Verlag, New York, 1991

1 Representations and Characters

Let G always be a finite group.

Definition 1.1. Let V' # 0 be a finite-dimensional complex vector space. A representation of G is a
homomorphism A: G — GL(V). The degree of the representation is n := dim V. By choosing a basis
of V, one obtains a corresponding matriz representation A’ : G — GL(n, C).


https://terrytao.wordpress.com/2011/08/27/254a-notes-0-hilberts-fifth-problem-and-related-topics
https://terrytao.wordpress.com/2011/08/27/254a-notes-0-hilberts-fifth-problem-and-related-topics

Example 1.2.
(i) The trivial (matrix) representation 1g : G — GL(1,C) = C* is given by g — 1 for g € G.
(ii) For n € N, the map sgn : S,, — C*, g — sgn(g) is a representation of degree 1.

(iii) For two representations A: G — GL(V) and I': G — GL(W), the map A®T: G — GL(V x W)
i also  representation. Here, (A T)(9))(v, ) = ((A(9))(v), (T(g))(w)) for g € G, v € V' and
weWw.

(iv) If A: G — GL(V) is a representation and H < G, then one obtains by restriction a representation
Apg: H — GL(V), h — A(h).

(v) f NdG and A: G/N — GL(V) is a representation, then one obtains by inflation a representation
G — GL(V), g — A(gN) on G. We will often denote this also by A.

(vi) If A: G — GL(V) is a representation and N <G with N C Ker(A), then one obtains by deflation
a well-defined representation A : G/N — GL(V), gN — A(g). In particular, A : G/Ker(A) —
GL(V) is a faithful representation, i.e. A is injective.

(vii) Inflation and deflation are obviously inverse to each other.
Definition 1.3. Two representations A: G — GL(V) and I': G — GL(W) are called similar, if an

isomorphism f : V. — W with f o A(g) = I'(g) o f exists for all g € G. If applicable, the following
diagram is thus commutative:

Accordingly, two matrix representations A: G — GL(n,C) and I': G — GL(m, C) are similar if n = m
and there exists an A € GL(n,C) with AA(g) =T'(g)A for all g € G.

Remark 1.4.
(i) Similar representations have the same degree.
(ii) Similarity is an equivalence relation.

(iii) One is usually only interested in representations up to similarity (just as for groups up to iso-
morphism).

(iv) In linear algebra, it is shown that two square matrices A, B describe the same map if and only if
there exists an invertible matrix 7" with AT = T'B. Thus, two matrix representations I'y and I'y
that correspond to a fixed representation A of G are always similar.

(v) The similarity classes of representations and matrix representations obviously correspond to each
other. We will therefore often identify representations with their corresponding matrix represen-
tations in the following.



Definition 1.5. Let A: G — GL(V) be a representation. A subspace U < V' is called A-invariant, if
(A(g))(u) € U holds for all g € G and u € U. If applicable, A" : G — GL(U), g = A(g)y is also a
representation. If 0 and V are the only A-invariant subspaces, then A is irreducible. Otherwise, A is
reducible.
Example 1.6.

(i) Representations of degree 1 are obviously irreducible.

(ii) Inflation and deflation of irreducible representations are again irreducible (the images do not

change).

Theorem 1.7 (MASCHKE). Let A: G — GL(V) be a representation and U <V be A-invariant. Then
U possesses a A-invariant complement W <V, i.e. V=U®W.

Proof. We first choose an arbitrary subspace X of V with V = U @ X (linear algebra) and denote by
h :V — V the corresponding projection onto U. Then we set

g = ‘G|ZA _1 )ohoA(x)

zeG

and W := Ker(g). For u € U we thus have

]G|Z JohoA(x |G\Z A(x)) (u) = u.

z€G TEG _ A (o 12)=A(1)=idy

In particular, U N W = 0. For v € V' we have g(v) € U, so

g(v—g(v)) = gv) —g(g(v)) = g(v) — g(v) =0,

ie.v—g(v) € Wand v=g(v)+ (v—g)) € U+ W. Consequently, V=U @& W. For w € W and
y € G we have

(90 Ay))(w) = (a S A ) oho A(scy)) ()

xeG
:( <’G|2Ay x~ ohoA(xy)))( )
xeG
=9
= (A(y) o g)(w) = (A(y))(0) =0,
thus (A(y))(w) € Ker(g) = W. Consequently, W is A-invariant. O

Remark 1.8. Let A be a representation on V', and let V = U & W be a A-invariant decomposition.
This yields subrepresentations I'y : G — GL(U), g = A(g)|y and 'y : G — GL(W), g — A(g)w-
By choosing a suitable basis of V', A then has the form

A(g) = <FUO(9) FWO( g)>

for all g € G. Thus A = I'y & I'y. Every representation can therefore be written as a direct sum of
irreducible representations.



Lemma 1.9 (SCHUR’s Lemma). Let A: G — GL(n,C), I': G — GL(m,C) be irreducible matriz
representations and 0 # A € C"™ with AT'(g) = A(g)A for all g € G. Then n = m and A is
invertible (in particular, A and I are similar). In the case A =T, A = \1,, holds for some X\ € C*.

Proof. For g € G and v € Ker(A), we have
(AA(g))v = (I'(g)A)v =0,

so (A(g))v € Ker(A). Therefore Ker(A) is a A-invariant subspace of C™. Analogously, Im(A) is a
I-invariant subspace of C™. Thus Ker(A4) = 0 and Im(A) = C" due to the irreducibility of A and
I'. Consequently, A is invertible and n = m. Now let A = I'. Let A be an eigenvalue of A. Then
(A—2X1,)I'(g9) = A(g)(A — A1,) also holds for all g € G. Since A — A1, is not invertible, A — A1, =0
follows from the first part of the proof. O

Theorem 1.10. Fvery irreducible representation of an abelian group has degree 1.

Proof. Let G be abelian and A: G — GL(n,C) an irreducible matrix representation of G. Let g € G
be fixed. For all h € G, it then holds that A(g)A(h) = A(gh) = A(hg) = A(h)A(g). According to
Schur’s Lemma, A(g) = Agl, for some A, € C. In particular, C(1,0,...,0) is a A-invariant subspace
of C™. Since A is irreducible, n = 1 follows. O

Definition 1.11. Let A: G — GL(n,C) be a matrix representation. The map x: G — C, g —
Trace A(g) is called the character of A (and of G). Here, x(1) = Trace A(1) = Tracel,, = n is the
degree of x (and of A). If A is irreducible (faithful, ...), then y is also called irreducible (faithful, ...).
We denote the set of irreducible characters of G by Irr(G).

Lemma 1.12. Similar matriz representations have the same character.

Proof. Let A: G — GL(n,C) and I': G — GL(n,C) be similar matrix representations. Then there
exists an A € GL(n,C) with A(g)A = AT'(g) for all g € G. From linear algebra it is known that for
square matrices My, My of the same dimension: Trace(M;My) = Trace(MaMi). Thus Trace A(g) =
Trace((Al'(g))A™1) = Trace(A™1(AT'(g))) = TraceI'(g) for all g € G. O

Remark 1.13.

(i) If A: G — GL(V) is a representation, one can assign a character to A by choosing a corresponding
matrix representation. Because of this does not depend on the choice of the basis
of V.

(ii) Characters are the “shadows” of representations, i.e., on the one hand, information is lost by
replacing the n? entries of a matrix with a single value, but on the other hand, enough information
remains to read off properties of the group.

(iii) Obviously, representations of degree 1 coincide with their character. These characters are called
linear. In particular, there is the trivial character 1 : G — C with 15(g) =1 for g € G.

(iv) If A and I are representations with character xa and xr respectively, then A@TI has the character
XA + xr- Sums of characters are thus characters again.

(v) For every representation A: G — GL(V), det A: G — C, g — det A(g) is a character of degree
1.



Definition 1.14.

(i) Let g € G. Then C := {hgh™! : h € G} is called the conjugacy class of g. Obviously, {1} is a
conjugacy class of G. The set of conjugacy classes of G is CI(G). If h € C, then g and h are
conjugate. Let Cg(g) == {x € G : xg = gr} < G be the centralizer of g in G. In Algebra 1 it is
shown that |C| = |G : Cg(g)|.

(i) A map f : G — C is called a class function if f(g) = f(hgh™') holds for all g,h € G. Class
functions are therefore constant on conjugacy classes.

Lemma 1.15.
(i) The characters of a group G are class functions.

(ii) The set CF(G) of class functions forms a C-vector space via (o + 5)(g) := a(g) + S(g) and
(a-a)(g) =aalg) for o, € CF(G), a € C and g € G. Here, dim CF(G) = |Cl(G)].

Proof.
(i) Let A: G — GL(V) be a representation with character x. For g,h € G we have

x(hgh™') = Trace A(hgh™') = Trace(A(h)A(g)A(h)™1) = Trace A(g) = x(g).
(ii) Trivial. O
Definition 1.16. Obviously,

()6 = |é| S X(@)dl) (v € CR(G)

geG

defines a scalar product on the C-vector space CF(G). In this way, CF(G) becomes a Hilbert space.
Remark 1.17. For characters x, ¢ of G, according to we also have

(6 ¥)a = é, S x(@)b(g ).

geG
Lemma 1.18 (SCHUR relations). Let A: G — GL(n,C), I': G — GL(m,C) be irreducible matriz
representations with A(g) = (Xij(g)) and I'(g) = (6i(g)) for g € G.

(i) If A and T' are not similar, then
Z Xii(9)055(97") =0

geG
foralli,j.
(i) We have
1y _ G
Z Xii(9)Aji(g 1) = 750
geG



Proof. Let E;; € C"*™ be the matrix with a 1 at position (4, j) and zeros elsewhere. We set
Fij =Y A(g)E;T(g™h).
geG

For h € G we then have A(h)F;;T'(h~1) = Fy;, i.e., A(h)F;; = F;;T'(h). If A and T are not similar, then
F;j = 0 follows from Schur’s Lemma. In particular, Fj; is equal to 0 at position (i, j), i.e., holds.

Now let A =T'. According to Schur, F;; = p;; - 1,, for some p;; € C. For the entry of F;; at position
(1,1), we then have

pPij = Z Mi(9Aji(g™) = Z Ai(R™HA Z Aj1(h)Ai(h™Y) = p1idiy.

geG hedG heG

With p := p11 (= pi;), we then have

np =Y Y Xjl@Xilg™)=> 1=G|

j=1geG geG

due to A(g)A(g~ 1) =1, for g € G. Now follows from the entry of Fj; at position (i, j). O

Theorem 1.19 (First Orthogonality Relation). For x, € Irr(G) we have

)1 fx =1,

otherwise.
geG

Proof. Let A and T be irreducible representations of G with character x and v respectively. First
let x # 1. According to |[Lemma 1.12] A and I' are then not similar. We write A(g) = (X;5(g)) and

I'(g) = (05(9)) for g € G. Then x(g) = - Nii(g) and ¥(g) = - 6;i(g). According to we

thus have
XY Z > iy —0.
gEG 1,7
Analogously,
G
Yo = 1 L XNt =Yg = -
geG 1,3

Remark 1.20. From [Theorem 1.19|it follows easily that Irr(G) is a linearly independent subset of
CF(G). In particular, |Irr(G)| < dime CF(G) = |CI(G)| < |G| < 0.

Theorem 1.21. Two representations are similar if and only if they have the same character.

Proof. One direction is[Lemma 1.12] Now let A and I" be representations with the same character x. We
write A = @ | A; and I' = @@, I'; as sums of irreducible representations. Then x also decomposes

into
n m
X=D XA =D _xT.
=1 i=1



According to [Remark 1.20, n = m and xa, = xr, given a suitable numbering. From it
now follows easily that A; and I'; are similar. So let A; € GL(xa,(1),C) with 4;A;(g) = I'i(g)A; for
all g € G. For

Ay 0
A= € GL(x(1),C)
0 A,
it then obviously holds that AA(g) =T'(g)A for all g € G, i.e. A and I' are similar. O

Remark 1.22.
(i) Let p be the regular character of G. According to it holds that

plg) = {’G| g = 1

0 otherwise.

For x € Irr(G), we therefore have

P06 = g7 L AN = X0

geG

It follows that p = erhr(G) x(1)x and | |G| = p(1 Z
€lrr

(ii) Let C,D,E € CI(G), e € FE and g € G. Then the map (c,d) — (gcg~!,gdg™') is a bijection
between {(c,d) € C x D : ed = €} and {(¢,d) € C x D : cd = geg™'}. Therefore, the class
multiplication constant

cope = |{(c,d) € C x D : cd = e}|

does not depend on the choice of e € E.

Lemma 1.23. For an irreducible representation A with character x and g € C € CI(G), it holds that

> Az) =wa(C)id

zeC

with wa (C) 1= wy (C) := %X(g).

Proof. Let A:=3%"_ .- A(z). For y € G, we have A(y)AA(y™) = > ,cc Alyzy™!) = A. From Schur’s
Lemma, it follows that A = wa(C)id for some wa(C) € C. Furthermore, wa(C)x(1) = Trace A =

> zec X(@) = 1C|x(9)- O

Theorem 1.24 (Second orthogonality relation). For g,h € G, it holds that

Z X(g)m _ {]Cg(g)| if g and h are conjugate,

0 otherwise.

Xx€lrr(G)




Proof. Let C,D € CI(G) with g € C and h™! € D. Let A: G — GL(n,C) be an irreducible matrix
representation with character x. According to it holds that

(D)L =Y A S A =S Y Ad)™ Y copp Y Ale)

ceC deD ceCdeD EcCl(G) eck
= Z CCDwa(E)ln-
EcCl(G)

From the definition of w,, one obtains
5 ccpg|E|
x(9)x(h) = Z WX(UX(@),
EeCI(G)
where in each case e € E is chosen. Let p be the regular character of G. Summing over x yields

— ccpe|E| o) 22 ccpelE| o) — cop(ylG]
> xlox)= ) (el D XWX > TEEree = TEnr

x€lrr(G) EcCl(G x€lrr(G) EcCI(G)

The conjugacy class of h is clearly D! = {d~! : d € D}. If g and h are not conjugate then CND~' = @
and copg1y = 0. Otherwise, copygiy = [C] = |D| and the assertion follows from | ‘C| = |Cca(9)|- O]

Theorem 1.25. Irr(G) is an orthonormal basis of CF(G). In particular,

k(G) = Ire(G)] = [CUG)|. |

Proof. We already know that Irr(G) is linearly independent (Remark 1.20]). According to the second
orthogonality relation, for g € C' € CI(G) on the other hand

1 _
pc 32@ Z x(g l)X

X€Elrr(G)

is the characteristic function on C' (i.e. pc(x) is 1 if x € C and 0 otherwise). Since the characteristic
functions form a basis of CF(G), Irr(G) is also a generating set. The orthonormality follows from the
first orthogonality relation. O

Remark 1.26.
(i) Every class function f € CF(G) can thus be uniquely written in the form

f= Z Ay X

x€lrr(G)

with a,, € C. If ay, € Z for all x € Irr(G), then f is a virtual character of G (or generalized
character). If additionally a, > 0 for all x € Irr(G) and ay, > 0 for at least one ¢ € Irr(G), then
f is a character according to . Conversely, every character of G has the form
= erlrr(G) ayx with a, € No. If a,, = (¢, x)g > 0, then x is called an irreducible constituent
of ¢ with multiplicity a,. Furthermore, (¢, ¢)q = Zai holds. In particular, v is irreducible if
and only if (¢,1)c = 1 holds.

(ii) In general, no canonical bijection between Cl(G) and Irr(G) is known.

10



2 Character Tables

Remark 2.1. Let g1,...,9r € G be a system of representatives for the conjugacy classes of GG, and
let Irr(G) = {x1,..., X} The k x k-matrix C' := (x;(g;))s,; is called the character table of G. Of
course, C' depends on the order of the elements and characters. Usually, one chooses g1 = 1, x1 = lg
and x1(1) < x2(1) < ... < xx(1). In this chapter, we want to calculate C' for some groups. The first
orthogonality relation can be written in the form

k

> KleT(gi)Xs(gi) = 0ys.

< [Ca(g)|

1=

This thus concerns the rows of C. The second orthogonality relation states that the columns of C' are
pairwise orthogonal with respect to the standard inner product of C*. In particular, C' is invertible.

Remark 2.2. Let G and H be finite groups and A: G — GL(n,C) and I': H — GL(m,C) be
matrix representations. For ¢ € G and h € H we write A(g) = (o;(g)) and I'(h) = (B;;(h)). Let
AL, ..,nm} = {1,....,n} x {1,...,m}, i — (i1,i2) be a bijection. For (g,h) € G x H we define a
matrix (A ® I')(g, h) € CP™*™™ by

(A®T)(g,h) = (i (g)ﬁinZ(h))ZTzl (Kronecker product).
Theorem 2.3. The map ART: G x H — GL(nm,C) is a representation with degree nm. For the

corresponding characters, xaer = Xaxr holds, where (xaxr)(g,h) = xa(g)xr(h) for g € G and
heH.

Proof. For (g1, h1), (92, h2) € G x H we have

(A ®T)(g192, hiha) = (0,4, (9192) Binja (R1h2))i 5

(Zzazlk gl Ay (92)612l hl 5132 hg )

k=1 1=1

(Zzauk g1 Bml(hl)akz]l g2 6l]2 h2 )
=1

k=1

(Z iyry (91) Bigra (1)t 1 (92) Brajo (h2) )

r=1
= (A@T)(91,h)(A®T) (g2, ha2).
In particular, (A®@T')(g,h)(A®T) (g7 h™ 1) = (A@T)(1,1) = (i, (1)Binja(1))ij = lum and (A ®
I')(g, h) € GL(nm, C). This shows that A ® I' is a representation. For the character, we have

Xaer(g,h Zaun )Biziz(h) = Zzakk )Bu(h) = xa(g)xr(h). 0

k=11=1

Remark 2.4.

(i) According to [Theorem 1.21] the similarity class of A ® I' does not depend on the choice of the
bijection f.

11



(ii) In the case H = G, one obtains a representation of G by g — (A ®I')(g, g). This is also denoted
by A ®I'. For characters x, ¥ of G, the product x1 with (x¥)(g) := x(g)®(g) is therefore also a
character of G. For x,v € Irr(G), x% is not necessarily irreducible.

Theorem 2.5. For finite groups G, H, Irr(G x H) = {x¢ : x € Irr(G), vy € Irr(H)}.
Proof. Let Irr(G) = {x1,..., xn} and Irr(H) ={¢1,...,¢¥m}. Then

(Xz¢jan¢l)G><H |G X H| Z Z Xz % )Xk:( )d}z( )

geG heH

= ,(;|ZX1 )xk(9) ( |ZT/)J Y (h >:5ik6jl~

geG heH

Thus the characters x;v; are irreducible and pairwise distinct. Because of

> Gavy) le )> > 4;(1)* = |G||H| = |G x H]
i=1 j=1 i=1 =
one has found all irreducible characters of G x H. ]

Remark 2.6. Let G be cyclic of order n (we write G = (). According to the character

2mikl

table of G is given by (e n )2”?:10 (i = v/—1). From Algebra 1/2 it is known that every abelian group
G is the direct product of cyclic groups (for an elementary proof see Theorem 2.1.3 in Kurzweil-
Stellmacher, “Theorie der endlichen Gruppen”). With the character table of G can thus
be easily calculated.

Example 2.7. Let G := {1,2,y,2 (= 2y)} = Cy x Cy = C% be the Klein four-group with Irr(G) =
{x1,---,xa}- Then

022‘1 rT Yy oz
i1 1 1 1
Yo |l -1 1 -1
x3|1 1 -1 -1
yall =1 -1 1

is the character table of G.

Definition 2.8. For z,y € G, [z,y] := zyx 1y}

is the commutator of x and y. We set
G = ([z,y] 12,y € G)

(the smallest subgroup containing all commutators). Then G’ is called the derived subgroup of G.

Remark 2.9. For a € Aut(G) and z,y € G, it is obvious that a([z,y]) = [a(z),a(y)] € G'. In
particular, G’ < G (choose a € Inn(G)). For G, yG' € G/G’, we have

2G'yGQ = zyly 27 G = yG'zd,
—_———
eG’

i.e. G/G'" is abelian. Conversely, if N <G with G/N abelian, then [z, y]N = tNyN(zN) 1(yN)"t = N
for z,y € G,i.e. G’ C N.
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Theorem 2.10. The characters of G of degree 1 are precisely the inflations of Irr(G/G').

Proof. Let x be a character of G of degree 1. Then x: G — C* is a homomorphism. In particular,
G/ Ker x is abelian as a subgroup of C*, i.e. G’ C Ker x. Deflation thus yields a ¢ € Irr(G/G’) and x
is the inflation of .

Conversely, the inflation of every y € Irr(G/G’) has degree 1 because of [Theorem 1.10} O

Example 2.11. Let G = A4 be the alternating group of degree 4. As is well known, the Klein four-
group V := ((1,2)(3,4),(1,3)(2,4)) is normal in G. Because |G/V| = 3, G/V is abelian and G’ C V.
Since G is not abelian, G’ = V must hold. For Irr(G) = {x1,...,xx}, it thus holds wlog. x1(1) =
x2(1) = x3(1) = 1 and x;(1) > 1 for i > 4. Furthermore, 12 = |G| = Zle xi(1)?2 =3+ Efﬂl xi(1)2.
It follows that £ = 4 and x4(1) = 3. Thus G also has 4 conjugacy classes. For reasons of order, the
elements 1, (1,2)(3,4) and (1,2,3) are pairwise not conjugate. In the abelian group G/G’, (1,2,3)G’
and (1,3,2)G’ = (1,2,3)1G’ are also not conjugate. Thus (1,2,3) and (1, 3,2) cannot be conjugate in
G either. Therefore 1, (1,2)(3,4), (1,2,3) and (1, 3,2) is a system of representatives for the conjugacy
classes of G. A part of the character table is now obtained as follows

Ag|1 (1,2)(3,4) (1,2,3) (1,3,2)

x1 |1 1 1 1 ' . —
x2 | 1 1 o o1 o= @27”/3__24'_\/27.
x3 |1 1 ot o

X4 |3

The last row results from the second orthogonality relation:

A4 ‘ 1 (172)(374) (17273) (17372)
x1 |1 1 1 1
xe | 1 1 o ot
xs | 1 1 ot o
X4 | 3 -1 0 0

Lemma 2.12. Let g € G. For a representation A of G with character x, the following holds
(i) Ix(9)] < x(1).
(i) Ix(9)] = x(1) & A(g) € C*id.

(iii) x(g9) = x(1) & g € Ker(A).

Proof Let n := x(1), and let €,...,e, € C be the eigenvalues of A(g). Because (A(g))l@ =
A(gl9hy = A1 ) 1,, the ¢; are roots of unity. We apply the Cauchy-Schwarz inequality to the
vectors v := (€1,...,€,) and w = (1,...,1):

X(9)] = le1 + ...+ €] = (v, w)] < [[o]|Jw]| = Vnv/n = n.

This shows . If equality holds, then v and w are linearly dependent and it follows € := ¢; = €5 =

. = €. Since A(g) is diagonalizable , the geometric multiplicity of the eigenvalue € is
equal to n, i.e. A(g) = eid. Conversely, if A(g) € C*1id, then |x(g)| = x(1) certainly follows. If even
x(g) = x(1), then obviously e = 1 and g € Ker(A). The converse is also clear here. O

13



Definition 2.13. For a representation A with character x we set Ker(y) := Ker(A) and Z(x) :=
Z(A) :={g € G :|x(g9)] = x(1)}. One calls Z(x) the center of x (resp. A).

Theorem 2.14. For every character x of G, Ker(x) and Z(x) are normal subgroups of G. Here
Ker(x) < Z(x) and Z(x)/Ker(x) is cyclic. If x € Irr(G), then Z(x)/Ker(x) = Z(G/Ker(x)) and
Z(G) € Z(x)-

Proof. Certainly Ker(x) <G and Ker(x) € Z(x). Let A: G — GL(V) be a representation with charac-
ter x. Obviously C* idy C Z(GL(V)) and thus C* idy <GL(V). Consequently Z(x) = A~1(C*idy)<G
as well. According to the isomorphism theorem, Z(x)/ Ker(x) is furthermore isomorphic to a finite sub-
group H of C*idy = C*. Obviously H consists exactly of the | H|-th roots of unity in C. In particular,
H is cyclic (in Algebra 1 one proves this for arbitrary fields).

Now let x € Irr(G). By deflation we can assume Ker(x) = 1 and G < GL(V) (this does not change
Z(x)). Obviously then

Z(x) € C*idy NG C Z(GL(V)) NG C Z(G).
For x € Z(G) conversely A(g)A(z) = A(gzr) = A(zg) = A(x)A(g) holds for all g € G. Schur’s Lemma
shows A(x) € C*idy and thus z € Z(x).

The last statement follows from Z(G) Ker(x)/ Ker(x) < Z(G/ Ker(x)). O

Remark 2.15. In this way one can often construct normal subgroups, because every normal subgroup

is the kernel of a character (Exercise 9).

Theorem 2.16. The character table of G can be calculated from the class multiplication constants.

Proof (BURNSIDE algorithm). Let Cl(G) = {Kj,..., K,} and ¢;j; := Ck KK, be the class multipli-
cation constant. Let T; := (c;jx);k € Z"*". Let Ay,..., A, be the irreducible representations of G' and

wi = wp, for ¢ =1,...,n. According to it holds that
wl(KZ-)wl(Kj)id = Z Al(x) Z Al(y) = Z Al(acy) = Zcijkwl(Kk) id
k=1

zeK; yEK; (z,y)EK; X K;

for 1 <4,j,1 < n. Consequently, ¢; := (w;(Kx))r € C" is an eigenvector of T; with eigenvalue w;(Kj).
E| Clearly, {e1,...,e,} is a basis of C". Every eigenspace of T; is therefore spanned by some of the e;.
We intersect these eigenspaces with the eigenspaces of the T} for j # i. The non-trivial intersections

have the form

Vii={veC":Vi: Tjv=uw(K;)v} <C"
for some 1 <1 < n. Since for | # k there always exists an i with w;(K;) # wi(K;), the sum of the Vj is
direct. For dimension reasons, it follows that V; = (¢;) for l = 1,...,n. Because of w;(K;) = 1, ¢; can

be calculated from Vj. According to the first orthogonality relation, there exists only one vector e;, say
e1, which consists only of positive numbers. It belongs to the trivial representation Ay. From this, the

class lengths |K;| = wy(K;) for i = 1,...,n are obtained. Because of
n
jwi (K3)[? 1 2 _ G| G|
= Xi(9)° = — 5 (e =
; | K| xi(1)? gezé xi(1)? xi(1)?
one obtains x;(1) and subsequently also x;(g) = % for g € K;. O

1The eigenvalues of T; can indeed be calculated, but their assignment to w; is not unique.
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Remark 2.17. As a rule, one does not need all matrices T; to calculate the character table. If, for
example, w;(K;) as an eigenvalue of T; has multiplicity 1, then e; can be determined directly as a
generator of the eigenspace. Optimizations of this kind lead to the Dizon-Schneider algorithm, which
is frequently used in practice.

Theorem 2.18. Let CI(G) = {K1,...,K,} and g; € K;. Then

Kl X(9:)x(9;)x(gx)
ek G| 2 x(1)

X€EIrr(G)

for 1 <i,j,k <n. The class multiplication constants can thus be determined from the character table.
Proof. As in the proof of [Theorem 2.16] wy (K;)wy (Kj) = > j_; ¢ijewy(Kj). From this it follows that

| K| K x(9:)x(gj)x(gr) _ 1 o (Vo (K
|G| XE;r(G) x(1) G| Xe%;(c;) 3 Ei)wy (K5)x (1) x (gr)

1 & — 1 & ]
=g 2 2 e EXX() = el > X(a0)x(g) = e O
=1 x€Irr(GQ) =1 x€lrr(G)

3 Algebraic integers

Definition 3.1. A number ( € C is called algebraic integer, if it is a root of a monic, integral
polynomial, i. e. there exist numbers n € N and ay, .. ., an_1 € Z with ("+an,_1(" ' +...+a1(+ag = 0.
Example 3.2.

(i) Integers are obviously algebraic integers.

(ii) Roots of unity are algebraic integers as roots of polynomials of the form X" — 1.

Lemma 3.3. If «, 8 € C are algebraic integers, then so are a+ (3 and af3. (The algebraic integers thus
form a ring.)

Proof. We write

A" =ap_10" M+ +ag,

3.1
B™ = b1 8™+ 4 by 31)

with ag,...,an_1,b0, .. ,bm_1 € Z. Let S:={a'37 :i=0,....,n—1, j=0,...,m—1} and v := a+f3
(resp. af3). For s € S there then exist numbers ¢y € Z with vs = Y, g cqt (use (3.1)). For A :=
(cst)stes € ZM ™™ and v := (s : s € S) we have Av = yv. Thus v is a root of the monic, integral
polynomial det(X 1y, — A). O

Remark 3.4. If x is a character of G, then x(g) is an algebraic integer for g € G as a sum of roots of

unity (see for example the proof of [Lemma 2.12)).

Lemma 3.5. If € Q is an algebraic integer, then ¢ € Z.
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Proof. Let ¢ = * with r,s € Z and gcd(r, s) = 1. By assumption there exist ao,...,a,—1 € Z with

n Q171 air

Rearranging yields
" = s(an,lr”_l + . tars"? 4 aosn_l).

Thus s | r™. Because of ged(r, s) = 1 it follows that s = £1 and ¢ € Z. O
Lemma 3.6. For C € CI(G) and x € Irt(G), wy(C) is algebraic-integral.

Proof. As shown in the proof of [Theorem 2.16| w, (C) is an eigenvalue of an integer matrix 7. Thus,

wy (C) is algebraic-integral as a root of the monic, integer characteristic polynomial of 7. O

Theorem 3.7. For x € Irr(G), we have | x(1) | |G|.

Proof. Let g1,...,gr € G be representatives for the conjugacy classes C1,...,Cy of G. According to
the first orthogonality relation, it then follows that

k k
G| 1 —_ 1 1 1
— = o 2 x(@)x() = Cilx(gi)x(9;) = ) wx(Ci)x(g; )
() A0 2 ) 2 XN = Gt
By [Lemma 3.6 % is algebraic-integral. The assertion now follows from |Lemma 3.5 O

Theorem 3.8. Let x € Irr(G) and g € C € CI(G) with ged(x(1),|C|) = 1. Then g € Z(x) or x(g) = 0.

Proof. Let o := %. Because of ged(x(1),|C]) = 1, there exist a,b € Z with ax(1) 4+ b|C| = 1. With
wy (C) and x(g), also

_ x(9) _

= =5 (ax(1) +0[C]) = ax(g) + bwy (C)

x(1)

is algebraic-integral. Let n := |(g)| and ( := e’n' € C. As a sum of n-th roots of unity, x(g9) € Q(¢).
Let G be the Galois group of the Galois extension Q(¢)|Q. For o € G, o(«) is also algebraic-integral,
because a and o(a) are roots of the same integer polynomial. Therefore, 3 := [[,cq0() is also
algebraic-integral. Because of o(8) = (8 for all o € G, 3 lies in the fixed field of G, i.e., 5 € Q (Galois
theory). By [Lemma 3.5 8 € Z. In the case g ¢ Z(x), we have |a| < 1 (Lemma 2.12). With x(g), also

o(x(g)) is a sum of m := x(1) many n-th roots of unity €,. .., €y,. It follows that
o@D = ler + -+ em| <ler| +.o 4 fem| =m

and |o(a)| <1 for o € G. Consequently, |5] <1, i.e., f =0. Thus a = 0 and x(g) = 0. O

Theorem 3.9. Let G be simple and non-abelian, C € CI(G) and |C| a power of a prime p. Then
C={1}.
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Proof. We assume C' # {1} and choose g € C and x € Irr(G) \ {1g}. Since G is simple, Ker(y) = 1.
Since G is non-abelian, Z(x) = 1 as well (Theorem 2.14]). In the case p { x(1), it follows that x(g) = 0

according to Therefore,

HONPEEEDS x(l)x(g)=;( 3 x<1>x<g>—1G<1>1G<g>>:—;e@\z

x€lrr(G), p p la#xelr(G) x€Ilrr(G)

plx(1)

is algebraic-integral. Contradiction. O
Theorem 3.10 (BURNSIDE). Let |G| = p®q® with prime numbers p,q and a,b € Ny. Then G is solvable.

Proof. (Induction on |G|) wlog. let G # 1. Let N be a maximal normal subgroup of G. If N # 1, then
N and G/N are solvable by induction, and thus so is G. Therefore, let N = 1, i.e., G is simple and
wlog. non-abelian. Let P # 1 be a Sylow subgroup of G, g € Z(P) \ {1} and C the conjugacy class
of g. Then |C| = |G : Calg)| | |G : P| = ¢" is a prime power. According to C = {1}.
Contradiction. O

Theorem 3.11. For x € Irr(G), | x(1) | |G : Z(x)]-

Proof (NAVARRO). Let A: G — GL(V) be a representation with character x. Because |G : Z(x)| =
|G/ Ker(x) : Z(x)/Ker(x)|, we can replace A by its deflation G/Ker(x) — GL(V) and assume

Ker(x) = 1. According to [Theorem 2.14] Z := Z(x) = Z(G) and A(z) = A(z)idy with A(z) € C
for z € Z. Let Ky,...,Ks € CI(G) be the conjugacy classes on which x does not vanish. For g; € K;
and z € Z, we have A(g;z) = A(gi)A\(z) and

x(9i2) = x(9i)A(2) =
Since x is faithful, it follows that x(g;z) # x(g:) for z # 1. Possibly, g; and g;z are not conjugate. This
shows K;z = K; for some j # i. With a suitable ordering, we now have

s

LJIK:OUKZ

i=1z2€Z

with ¢|Z| = s. Furthermore,

_ ol x(2)?
x(9:2)x(giz) = x(9:)x(9:) NEIE x(9:)x(9:)
Therefore,
— t
|G:Z‘ |K’X giz)X\giz ‘K’X gz
w

x(1) IZIX EZZ |Z|X Zl Z ol

is algebraic-integral according to The assertion follows from O
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4 Clifford Theory

Remark 4.1. For H < G and ¢ € CF(G), the restriction gy € CF(H) is obviously a class function.

Conversely, we will now construct a class function on G from ¢ € CF(H).

Definition 4.2. For H < G and ¢ € CF(H), let

1 _
©%:G —C, xHﬁ Z o(grg™).
9€G,
grg~teH

One calls ©© the induction of .

Theorem 4.3. For ¢ € CF(H), we have ¢© € CF(G).

Proof. For x,y € G, we have

soG(ywyl):}lI, > so(gyxy’lgfl):; > plhah™) = %@).

Remark 4.4.

(i) It is easy to see that induction is a linear map from CF(H) to CF(G).
(ii) For H < G, ¢ € CF(H) and x € G, we have

wG(x)=|;I| > lglag) = W > > (g agh)

9€Gq, gHEeG/H heH,
g lzgeH h—1 *1xgh€H
1 _ _
= T Yo elgTlrg) = D wlglag).
gHeG/H,heH, gHeG/H,
g lzgeH rgH=gH

This is useful for practical calculation.

Theorem 4.5.

(i) For K < H < G and ¢ € CF(K), we have (0% = ©%. Thus, the induction of class functions

18 transitive.

(ii) Forx € CF(G) and ¢ € CF(H), we have X(,OG = (XHgo)G and| (x, goG)G = (xm,9)u

reciprocity).

Proof.

i) By |[Remark 4.4(ii), we have
@M@ = > g lag) = D> > by agh)

gHeG/H, gHeG/H, hKecH/K,
zgH=gH zgH=gH ¢g=lzghK=hK
_ -1 _ .G
= ) platza) = ¢%(x)

aKeG/K,

raK=aK

for x € G.
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(ii) Asin (i), we have

e @) =x(@) D elglzg)= > (xe)g 'zg) = (xup) (@)

gHeG/H, gHeG/H,
zgH=gH zgH=gH
for ¢ € G and
(6 ¢%)a = e LY @ Y g tag) = Z > x(g'zg)e(g zg)
z€G gHeG/H, gHeG/H zeq,
rzgH=gH gflcr:gEH
- G H
I INOE GRS L) SN OEO R R =
gHeG/HheH heH

Remark 4.6. Frobenius reciprocity states that restriction and induction are adjoint maps between
CF(G) and CF(H).

Theorem 4.7. For a character ¢ of H < G, ¢ is a character of G of degree |G : H|p(1).
Proof. We write ¢ = erIrr(G) ayx with a, € C. Then

Ay = (ngOG)G - (XH7 (P)H € N07

because xz is a character of H. Thus ¢ is a character of G. Clearly, ¢%(1) = |G : H|p(1) also
holds. O

Example 4.8.

(i) 1§ is the regular character of G. In particular, ¢ is not necessarily irreducible if ¢ is irreducible.
If ¢ is reducible, then @ must also be reducible due to the linearity of induction.

(ii) Let H := ((1,2,3)) and G := S3. Let ¢ be a non-trivial character of H of degree 1. Then
0% (1) =2, p9((1,2)) = 0, 9“((1,2,3)) = —1. In particular, p% € Irr(G).

Definition 4.9. Let H < G, ¢ € CF(H) and g € G. Then 9p € CF(gHg™!) with 9p(z) := p(g~1zg)
for x € gHg™'. We call G, :={9 € G:9 = ¢} <G the inertia group of . Furthermore, let

Irr(Glp) :={x € Irr(G) : (xu,¢)u # 0}.

Remark 4.10.
(i) Clearly H < G, <Ng(H):={g € G:gHg ' = H} (Ng(H) is the normalizer of H in G).

(ii) As usual,
I ="p = h7lg € G, = gG, = hG,

for g,h € G.

(iii) Let A: H — GL(V) be a representation with character x. For g € G, then clearly IA: gHg™! —
GL(V), 2+ A(g~'zg) is a representation of gHg~! with character 9y.
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(iv) For ¢,¢ € CF(H) and g € G, we have | (99, 9%) g1 = (p,9)H, | because

LS @) = u:rr S o(@)ia).

-1
|gHg | zegHg—1 xeH

(v) For K < H <G, ¢ € CF(H) and g € G, we have | /(¢x) = (Y9) gk g-1-

(vi) For N <G and x € Irr(N), we have (9x,9%)nv = (X, x)n = 1 and 9y € Irr(N). We say that x
and 9y are conjugate.

Theorem 4.11. Let N 4G, x € Irr(G) and ¢ € Irr(N) with e := (xn,¥)n # 0. Then

XN =¢e Z 9ap.

gGwEG/Gw

Proof. By Frobenius reciprocity, x is a constituent of 9. Therefore, xy is a constituent of ().

For x € N, it holds that
W)= Y WlgrgT) = D ()

gN€EG/N, gNeG/N
zgN=gN
according to Thus, every irreducible constituent of yy is conjugate to 1. For g € G, it
holds that ) )
v 9P)n = ), v)v = (0 )N Y)v = (v, ¥)n = e
according to This yields the claim. O

Definition 4.12. In the situation of e is called the ramification index of x w.r.t. N. It
can be shown that e | |G : N| holds (without proof).

Theorem 4.13 (CLIFFORD correspondence). For N 4G and ¢ € Irr(N), the map

O : Irr(Gy|v) — Irr(GlY),
X+ x¢

is a bijection with (xn, V)N = ((XG)N,UJ)N.

Proof. Let x € Irr(Gy|t)) and let ¢ be an irreducible constituent of . We first show ¢ € Irr(G|t)).
We write ¢g,, = ZTGIH(Gw)aTT with a; > 0 and ay = (pq,,X)ac, = (0, x%)¢ > 1. According to

Theorem 4.11} xny = ey with e := (xn,¥)n. It follows that

f = (@N,T/J)N - Z aT(Tva)N Z ax(XN7¢)N Z € > 07
TElrr(Gy)

i.e. ¢ € Irr(G|v). [Theorem 4.11| implies

p()=on(1)=f D 99(1) 2 elG: Gyl(1) = |G : Gylx(1) = x“(1) > o(1).
9Gy€G/Gy

This shows X = ¢ € Irr(G|¢) and e = f. Thus ® is well-defined.
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Now let 6 € Irr(G|) be given. Because 0y = (0, )N, there exists a x € Irr(Gy|p) with 0, X% g =
(01,x)c, # 0. According to the first part of the proof, x& = 6, i.e. ® is surjective. Furthermore,
(On,¥)n = (xn,%)N, i.e. x is the only irreducible constituent of fg, that lies in Irr(Gylvp). This
shows the injectivity of ®. O

Theorem 4.14 (I10). Let A be an abelian subgroup of G and x € Irr(G). Then:
(i) x(1) < |G- Al.
(i) If AL G, then x(1) | |G : Al.

Proof.
(i) [Exercise 12

(ii) Let 9 be an irreducible constituent of x 4. By [Theorem 4.13| there exists a x € Irr(Gy) with
X% = x and X4 = ey for some e € N. Since A is abelian, |Y(z)| = |ev(z)] = ew(1) = e = X(1)

for z € A, i.e. A C Z(X). By X(1) | |Gy = Z(X)| | |Gy : A| and therefore

X(1) = |G GylX(1) | |G : Gyl|Gy - A[= G : A. .

Theorem 4.15. Let N QG and ¢ € Irr(N) with Gy = G. Then % =3
ramification index of x (if e, > 0). In particular, Zei =|G: NJ|.

Proof. We write ¢ = erhr(G) fxx. In the case f, # 0, xny = e,¥ by [Theorem 4.11| Here f, =

(V%) e = (xv, V)N = (63, ¥) N = ey. It follows that

GNP =y = > ex)=v1) >

x€Ilrr(G) x€lrr(G)

elrr(@) €xX, where ey is the

and Y el =[G : NJ. O

Remark 4.16. The numbers e, thus behave like character degrees. In the following theorem we will
see that they are indeed character degrees if e, = 1 holds for some x € Irr(G).

Theorem 4.17 (GALLAGHER). Let N <G and x € Irr(G) with ¢ := xny € Irr(N). Then {Ax : A €
Irr(G/N)} is the set of irreducible constituents of .

Proof. As usual, we view the characters of G/N as characters of G via inflation. By [Exercise 11}
(xn)® = xp, where p is the regular character of G/N. Thus

= ) A

Aelrr(G/N)
By [TTicorem 1.17

G:N|=@%vDe= > AONOOAxN)e> >, AM)*=|G:N|.
AN elrr(G/N) AeIrr(G/N)

This shows that the yA with A € Irr(G/N) are irreducible and pairwise distinct. O
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Theorem 4.18. Let N < G and G/N cyclic. For every ¢ € Irr(N) with Gy = G there exists a
extension x € Irr(G) with xy = 1.

Proof. Let A: N — GL(n,C) be a representation with character ¢). Let G/N = (¢N) and k := |G/N/|.
Because of Gy = G, A and YA are similar. Thus, let A € GL(n,C) with AA(z)A™! = A(gzg™?) for
all x € N. Inductively, it follows that

AFA(2) AR = A(gFrg ™) = A(g") A(z)A(gF) !

for all 2 € N. By Schur’s Lemma, A"*A(g*) = A1, for some A € C*. Let p € C* with pu* = .
Because of (uA)F = AA¥ = A(g*), the map

I': G — GL(n,C), gz (A Ax)
with ¢ € Z and x € N is well-defined. For ¢, j € Z and x,y € N, it holds that
L(g'z - ¢’y) =T(g" - (977 2g")y) = (A Mg 2g") Aly) = (pA) AT Ax) AV A(y)
= (nA)'A(z)(pA) A(y) =T(g'x)L(gy).

Thus, I' is a representation that extends A. Since A is irreducible, I' must also be irreducible. This
shows the claim. O

Example 4.19. We calculate the character table of G := S from the character table of N := Ay. The

characters yo and x3 of N constructed in |[Example 2.11|are conjugate under G. Therefore, X§ = X3G €
Irr(G). Since G/N is cyclic, the remaining characters each have two extensions to G. This already

yields the following part of the character table:

Sy 1 (1,2) (1,2)(3,4) (1,2,3) (1,2,3,4)
c |1 1 1 1 1
sgn |1 —1 1 1 -1
X§ |2 0 2 ~1 0
v 13 a -1 0 b
Psgn |3 —a -1 0 —b
From the second orthogonality relation, it follows that ab = —1. According to a is a sum
of second roots of unity and thus an integer. Since b is algebraic-integral, it follows that a = —b = +1.
Sy |1 (1,2) (1,2)(3,4) (1,2,3) (1,2,3,4)
lc |1 1 1 1 1
sgn |1 -1 1 1 —1
X§ 12 0 2 ~1 0
v 13 1 ~1 0 —1
Ysgn |3 —1 -1 0 1

Theorem 4.20 (TAUNT). If G has abelian p-Sylow groups, then pt|G' NZ(G)|.

Proof. Assume indirectly that U < G’ NZ(G) with |U| = p exists. Let U < P € Syl,(G) and 1y #
A € Trr(U). Let p € Trr(P) with (u, A¥)p # 0. Then (uy, )y # 0 and py = A because u(1) = 1 (P
abelian). We write

x€lrr(G)
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Because p { |G : P| = u%(1), there exists a x € Irr(G) with a, > 0 and p { x(1) =: n. In particular,
(u, xp)p # 0 (Frobenius reciprocity). Thus uy = A is also an irreducible constituent of xy. Let A
be a representation with character x. For z € U C Z(G) C Z(x), we then have A(z) = A(x)1,

(Theorem 2.14). It follows that yy = nA. Since G/ Ker(det A) < C* is abelian, G’ C Ker(det A)
holds. Because U C @', it follows in particular that

1 =det A(z) = A(z)"

for all x € U. On the other hand, A(z)? = A(zP) = 1 also holds. Because gcd(p,n) = 1, there exist
o, B € Z with ap + fn = 1. One obtains: A(z) = (A(z)?)*(A\(x)")? = 1 for all 2 € U. This contradicts
A # 1. O

5 Frobenius Groups

Definition 5.1. A group action of G on a non-empty set €2 is a homomorphism f : G — Sym(2). We
write Yw 1= (f(g))(w) for g € G and w € Q. One also says: G acts on €.

Theorem 5.2 (BRAUER’s Permutation Lemma). Let H be a finite group such that G acts on C1(H)
and Irr(H). For all g € G, C € CI(H) and x € Irr(H), let Ix(9C) = x(C) hold. Then the cycle type
of g € G in Sym(Cl(H)) coincides with the cycle type of g in Sym(Irr(H)). In particular,

{C € ClH) :9C = C}| = [{x € Iee(H) : x = \}|

forall g € G.

Proof. Let CI(H) = {C1,...,Ci} and Irr(H) = {x1,..., Xk} Let X := (xi(C}))i; be the character
table of H. Let g € G be fixed. The action of g on CI(H) (resp. Irr(H)) is then described by a
permutation matrix P (resp. Q). Here QX = (9x;i(C))) = (Xi(gfle)) = XP holds. Since X is
invertible (Remark 2.1), Q@ = X PX ! holds, i.e. Q and P are similar. Let (I1,...,l,) be the cycle type
of P. According to |[Exercise 13|7 the eigenvalues of P are given by: {eQmj/ll :j=0,...,h —1}uU...U
{e?mid/ln : 5 =0,...,1,—1} (with multiplicities). Since P and Q have the same eigenvalues, (I1,...,1,)
is also the cycle type of Q). The last assertion is obtained by counting cycles of length one. O

Definition 5.3. A finite group G is called a Frobenius group, if a subgroup 1 < H < G with H N
gHg ' =1for all g € G\ H exists. One calls H a Frobenius complement.

Example 5.4.

(i) Let P € Syl,(G) with |[P| = p and Ng(P) = P < G. Then G is obviously a Frobenius group with
Frobenius complement P. In particular, S3 is a Frobenius group.

(i) Let K be a finite field with |K| > 2. For a € K* and b € K we define f,, : K — K, x — ax +.
Then
AL K) = {fup: a € K*,b € K} < Sym(K)

is a Frobenius group (Exercise 15]).

Remark 5.5. In the following, we want to show that a Frobenius complement H of G always possesses
a normal complement N,i.e. G=HN and HNN = 1.
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Lemma 5.6. Let H be a Frobenius complement in G. We set

N :=G\ U gHg ' U {1}.
geG

Then |N| = |G : H| (as a set). If M <G with HN M =1, then M C N follows.
Proof. For x,y € G we have
cHr ' =yHy ' <=y '2 € Ng(H) = H <= zH = yH.
In the case tHx ™! # yHy ! we have [xHx 'NyHy | = |zx(HNz 'yHy 'z)z~ ! = |HNz lyHy 'z| =

1. This shows
U gHg™!

— |G H|(|H| - 1) +1.

geG
It follows that |[N| = |G| — |G : H|(|H| — 1) = |G : H|. For M 9 G with HN M =1 we also have
gHg 'NM =g(HNM)g~' =1forall g€ G. Thus M C N. O

Lemma 5.7. Let H be a Frobenius complement in G, and let ¢ € CF(H) with (1) = 0. Then
W) =9

Proof. Let 1 # h € H and g € G with ghg™' € H. Then 1 # ghg™' € HNgHg ' and g € H. By
definition, we thus have

1 _ 1
¥ (h) = i > (ghgh) = 0 > w(h) = p(h).

geH geH

Furthermore, 9% (1) = |G : H|(1) = 0 = (1). O

Theorem 5.8 (FROBENIUS). Let G be a Frobenius group with Frobenius complement H. Then there
exists an N <G with G = HN and HNN = 1.

Proof. Let 1y # v € Irr(H) and 6 := ¢ —1(1)1. Then certainly § € CF(H) and (1) = 0. According
to Comma 57
L+9(1)? = (6.0)r = (6, (0) m)n = (69,6%)c.

Furthermore, (8%,1¢)¢ = (6, 15)y = —1(1). Consequently, 1 := 6% + 1(1)1¢ € CF(G) with
(%, 9)a = (09,60 +20(1) (69, 16)e + 9 (1)* = 1.

Like 0, 6% and zz are also virtual characters (Remark 1.26|). Thus izz € Irr(G). For h € H, it holds
that

B(h) = 09(h) + (1) = 0(h) + (1) = ¢ (h).
In particular, 1;(1) = (1) > 0. This shows Ve Irr(G) with Y = 1b. We additionally set 1 := 1¢.
Let
M = ﬂ Ker(¢) < G.
Yelrr(H)
Then
MnHC () Ker(y)=1
Yelrr(H)
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according to According to it follows that M C N. Conversely, for g € N, it
holds that

¢<g>—1/1<1>=w<g>—¢<1>=0G<g>=“31| S Oagr ) =0

z€G,
g€z~ 'Hzx
for all ¢ € Irr(H). This shows N C M and N = M < G. Because |N| = |G : H|, it also holds that
|HN| = |H||N| = |G| and G = HN. O

Definition 5.9. In the situation of [Theorem 5.8] N is called the Frobenius kernel of G.

Remark 5.10.

(i) No proof of [Theorem 5.8 is known that manages without character theory.

(ii) Thompson has shown that the Frobenius kernel NV is always nilpotent, i. e., NV is the direct product
of its Sylow subgroups.

Theorem 5.11. Let G be a Frobenius group with Frobenius kernel N. Then

Irr(G) = Ire(G/N) U {9 : 1y # 4 € Trr(N) ).

Proof. Let H be a Frobenius complement of G. Then H acts on CI(N) by "C := {hzh™' : 2 € C}.
One also easily shows that H acts on Irr(N) by conjugation. In this case, "(*C) = +(C) holds for
h € H, ¢y € Irr(N) and C € CI(N). We count the fixed points of h € H \ {1} on CI(N). First, let
hrh™' =2 € N. Then 2 'hz = h € HN o 'Hx and x = 1. The orbits of (h) on N \ {1} therefore
have length [(h)|. If C € CI(N) \ {{1}} is a fixed point of (h), then |(h)| | |C| follows. On the other

hand, |C| ‘ |N|. This contradicts Thus {1} is the only fixed point of (h) on CI(NV). By
Brauer’s permutation lemma, it follows that

{¢ € rx(N) : "p =y} = {1n}

for all h # 1. Let 1y # 1) € Irr(N). Then Gy = N and ¢¢ € Irr(G) by [Theorem 4.13| By [Theorem 4.11]
there exists an e € N such that (%) = eZgNEG/N 99h. If 1p,¢p1 € Irr(N) are not conjugate, then

Y& # . For a x € Irr(G/N), it is obvious that yn = x(1)1y and thus x ¢ {4 : 1y # ¢ € Irr(N)}.
Let R be a transversal for the conjugacy classes of Irr(N) \ {15} under H. Then

Yo x(WP+ D v =IG/NI+IG/NP Y w(1)? = |G/N|+|G/NI Y- > ("9)(1)?

x€EIrr(G/N) pER PYER heH peR
=|G/N|+|G/N| Y ¥(1)*=|G/N|+|G/N|(IN|-1)=|G|.
1n#Yelrr(N)
Thus we have found all irreducible characters of G. O

6 Induction Theorems

Remark 6.1.

(i) Often one constructs the character table of G by inducing characters from H < G. We will see
in this chapter which subgroups H must be considered for this purpose.

25



(ii) For subgroups H, K < G, H x K acts on G by "Fg = hgk~' for h € H, k € K and g € G. The
orbits HgK are called double cosets. We denote the set of double cosets by H\G/K.

Theorem 6.2 (MACKEY Formula). Let H, K < G and ¢ € CF(H). Then

= > (@ rngrg1)"

KgHeK\G/H

Proof. Let R be a system of representatives for K\G/H and for r € R let S, be a system of represen-
tatives for K/K NrHr~!. For every k € K there exist s € S, and z € K NrHr~! with k = sz and
krH = sxrH = sr(r~'zr)H = srH. For s,t € S, it holds that

stK =trK <= s(KNrHr Y)Y = KnsrHr ' = KNtrHr ' =t(K NrHr 1) <= s=t.

This shows . ..
G=|JKrH=]J |JsrH  (disjoint).

reER reR s€S,

According to for x € K it holds that:

@@y = > Te@)=>_ > o)

gHeG/H, reR  seSy,
rgH=gH xsrH=srH
K
=y > (o)) =Y (D) rngrg1)" (@). O
reR seSr, reR

xs(rHr—D=s(rHr—1)

Definition 6.3.

(i) A group H is called (p-)quasielementary for a prime p if H has a cyclic normal subgroup N with
p1|N|, such that H/N is a p-group (i.e. N is a p’-Hall normal subgroup).

(ii) A group H is called (p-)elementary for a prime p if H is a direct product of a p-Sylow group and
a cyclic group. Obviously, elementary groups are also quasielementary.

Lemma 6.4. For every prime p and every x € G there exists a p-quasielementary subgroup H < G
with p114(x) € Z.

Proof. We write (r) = P x Q with P € Syl,((x)) and choose H/Q € Syl,(Ng(Q)/Q). Since Q
is cyclic, H is p-quasielementary. For ¢ € G with grg~' € H, it follows that gQg¢~' C H. Thus

9Q9~ ' C{y€ H:pf|{y)} = Q and g € Ng(Q). This shows

1 1 _ 1 _
15 (x) = | Z 1= HHQ €Nag(Q) : gzg ' € H}| = @\{9 €N¢(Q): g 'zg € H}|
G,
ga:f]ileH

= |{gH € N¢(Q)/H : xgH = gH}|.

We must therefore count the fixed points of the action « : () — Sym(N¢(Q)/H) by left multiplication.
Because of QgH = gQH = gH for g € Ng(Q), we have Q < Ker(«). Since zQ € (z)/Q = P is a p-
element, a(x) is also a p-element. In particular, a(z) decomposes into cycles whose lengths are powers
of p. This yields

15(z) = |{gH € Na(Q)/H : xgH = gH}| = |N¢(Q)/H| £ 0 (mod p). 0
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Theorem 6.5 (SOLOMON). There exist ag € Z with

lg = > a1

H<G,
H quasielementary

Proof. Let
Q(G) = { Z ang tap € Z}_
H<G@G quasiel.

For x € G let U, := {\(z) : A € Q(G)}. Because —\ € Q(G) for A € Q(G), U, is a subgroup of (Z,+),
i.e. U, = nZ for some n € Z. According to Uy ¢ pZ for every prime p. This shows U, = Z.
We choose A\, € Q(G) with \;(z) =1 for z € G. For quasielementary subgroups H, K < G and g € G,

HnNgKg—! < H is also quasielementary (Exercise 17)). The Mackey formula thus shows

G
1%1%<1H<1%’<>H>G=<<1?<>H>G=( 3 <<19Kg—1>ngKg—l>H)

HgKeH\G/K
45 Z

HgKeH\G/K

(1HﬁgKg*1)G € Q(G)

In particular, Q(G) is closed under addition and multiplication. By expanding the equation

IT e =) =0,
zeG
one obtains a representation for 15 in the desired form. O

Lemma 6.6. Let H be elementary and x € Irr(H). Then there exist K < H and A\ € Irr(K) with
A1) =1 and \T = .

Proof (MANN). Let H be a minimal counterexample. We write H = P x Q with P € Syl (H).
According to [Theorem 2.5) x = ¥ with ¢ € Irr(P) and A € Irr(Q). In the case @ # 1, there exist
Py < Pyapy € Trr(Py) with by (1) = 1and ¢ = 9F. Then x = ¢ (1pA) = (1 A\ with ¢y A € Trr(PyxQ)
according to [Theorem 4.5(ii). Since @ is abelian, it also holds that (¢1A)(1) = ¢1(1)A(1) = 1. This

contradiction shows Q =1, i.e. H is a p-group.

For A € Irr(H) with A(1) = 1, we have x\ € Irr(H) (Exercise 6). In the case yA = ¥, it follows
that 1 = (x, x\) g = (XX, A)m, i.e. A is an irreducible constituent of xx with multiplicity 1. Write
xx=1lg+XM+...+ X+ Zle a;; with )\1(1) =...= Ar(l) =1< ’lﬁl(l) <...< ¢S(1) Then

r+l=r+14+> api(l) = (X (1) =x(1)?=0 (mod p)
=1

and r # 0. Thus, let 1z # A € Irr(H) with xA = x. For x € H\Ker(\), we then have (15 —\)(z)x(z) =
(x — Ax)(x) = 0 and thus x(x) = 0. Choose a maximal subgroup M < H with Ker(\) C M. Because
of H' C Ker (), it follows that M < H. Since H/M contains an element of order p, |H : M| = p follows
from the maximality of M. Let ¢ € Irr(M) with (xar,¢)ar # 0. In the case Hy = M, we have PpH =y
according to Clifford. Because of M < H, there exist M; < M and 9y € Irr(M;) with ¢1(1) = 1 and
YM = 4. According to , it then follows that ¢ff = (i) =) = y. This contradiction
shows Hy = H. Thus xar = ey for some e € N according to Because of x(1) = ey(1),

e is a p-power. From [Theorem 4.15] it now follows that e = 1, i.e. xar = 9. According to Gallagher,
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v =y1+... + Xp with pairwise distinct x; € Irr(H) and x; = x. Furthermore, all x; have the same
degree. In particular, (x;)a = 9 for i = 1,...,p. Since ¥ and x vanish on H \ M (C H \ Ker()\)),
X2 + ...+ Xp also vanishes on H \ M. This yields the contradiction

0=[H|(xtx2+ - +xp)u = D xi(@) (2 + ...+ x) (@) = [M|(p = )@, ¥)a = [M|(p—1). O
xeM

Theorem 6.7 (BRAUER’s Induction Theorem). For every (virtual) character x of G, there ewist

agy € 7 with
X = Z Z ap°.

H<G, «elrr(H),
H elementar P(1)=1

Proof. Obviously we can assume that y is irreducible. According to we can neglect the
condition (1) = 1. If one has found the desired representation for the character 1¢, then one obtains
a corresponding representation for y by multiplication with x (note: x¢¢ = (xg¢)¢). We can therefore
assume Y = lg. According to Solomon we can also assume that G is p-quasielementary for a prime
p. Let G be a minimal counterexample, and let P € Syl,(G). Then P possesses a cyclic, normal
complement N in G.

We consider the elementary subgroup H := P Cy(P) = P x Cny(P). Since G is not elementary, H < G
holds. Because of (1%,16)¢ = (g, 1y)u = 1, ¢ := 1§ — 15 is a character of G. If every irreducible
constituent of ¢ is induced from a proper subgroup, then one easily obtains a desired representation
for 1¢ = 1§ — ¢ from the minimality of G. Consequently, there exists a ¢ € Irr(G) with (¢, %) # 0,
such that 1 is not induced from a proper subgroup. For g € G, NgH = gN H = G holds. According to
Mackey, we therefore have 1y + (n = (1%)]\; = I%QH. This shows (15 + (n, In)Ny = (1%011, IN)N =
(1NﬁH)1NﬁH)NﬁH =1 and (’lﬁN,lN)N < (CNle)N = 0. We can therefore choose 1N 75 A E II“I‘(N)
with (¢Yn, \)y # 0. Write N = (z). For g € G, then gzg~! = 2" for some r € Z because of N < G.
Furthermore, there exists an s € Z with N N H = Cy(P) = (°). Then gr®¢g~! = 25" = (2°)". This
shows Cn(P) < G. For a € Cy(P) C H, we therefore have

1
19 (a) = ] Y 1=1|G: H=15(1).
€q,
gagfleH

Thus Cy(P) C Ker(1%) = Ker(¢) C Ker(¢) according to . Analogously, Cy(P) C Ker(¢) N
N = Ker(¢n) C Ker()\). Since 1 is not induced from any proper subgroup, G = G follows according

to Clifford. In particular, A(y ~'zy) = YA(z) = A(z) for y € P. Thus yxzy~' € xKer(\) (note: A(1) = 1).
As above, one shows Ker(\) < G (as a subgroup of the cyclic normal subgroup N). Consequently, P
acts on the coset z Ker(\) by conjugation. Counting the orbits yields

|z Ker(A\) NCn(P)| = |z Ker(N\)| = |[Ker(A)| Z0 (mod p).

This shows @ # x Ker(A) N Cy(P) C z Ker(A\) N Ker(\) and x € Ker(\). Thus N = (z) C Ker(A) and
A = 1. Contradiction. O

Theorem 6.8. A class function x of G is an irreducible character if and only if the following conditions
hold:

(i) For every elementary subgroup H < G, xp is a virtual character.
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(iii) x(1) > 0.

Proof. For x € Irr(G), (i)-(iii) obviously hold. Conversely, let x € CF(G) such that (i)—(iii) hold.
According to there exist ap,y € Z with

o= > ag°. (*)
H<@G, Yelr(H)
H elementar

By assumption, ¢y g and ¥y = (¢¥xy)¢ are virtual characters for ¢ € Irr(H). Multiplying by x,
one sees that x is a virtual character of G. Thus there exist a, € Z with x = Zwehr(G) a,p. Because

of 1 = (X, X)e = DX oemm(@) ai, it follows that £x € Irr(G). From x(1) > 0, it finally follows that
x € Irr(G). O

Theorem 6.9 (ARTIN). For every character x of G, there exist acy € Q with

X = Z Z acyy©.

C<G, yelrr(C)
C cyclic

Proof. As in we can assume Y = 1g. We define an equivalence relation on G by
rryie=IgeG: () =gly)g "

For an equivalence class K of =, it suffices to show that the characteristic function

(2) 1 ifzeK,
xXr) =
XK 0 ifz¢ K

has the desired form, because x is the sum of all xx.

Let x € K be fixed. We argue by induction on n := |(x)|. For n = 1, we have K = {1} and

xx = |G|71§ (see . So let n > 1. For C := (ac;:and y € G, we have
16(y) = {gC € G/C : g 'yg € O}
according to Let z € G with (z) = (y). Then
g lygeCe=g Hyg<Ce=yg 'l ()g<Ce=yglzgeC

for g € G and therefore 14(2) = 15(y). Since 1% is also a class function, 1% is even constant on the
~-classes. We choose a € Q with alg(az) = 1. If no conjugate of y lies in C, then clearly 1g(y) = 0.
Now let (y) < C and let K, be the ~-class of y. By induction, xf, can be written in the desired form.
Thus, —algx K, can also be written in the desired form. Summing over these functions, it follows that

—al8(y) if (y) < gCg~! for some g € G,
Bly) = .
0 otherwise

also has the desired form. Finally, yx = alg + [ also has the desired form. O

Remark 6.10.

(i) In the following, we deal with K -representations, i.e., homomorphisms A: G — GL(n, K), where
K is an arbitrary subfield of C.
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(ii) One easily sees that Maschke’s Theorem also holds for K-representations (in the proof, one only
needs char(K) 1 |G|). Every K-representation can thus be written as a direct sum of irreducible
K-representations. The same applies to the K-characters.

(iii) Similarly, the following form of Schur’s Lemma holds: If A and I' are non-similar irreducible
K-representations and AA(g) = I'(g)A for all ¢ € G, then A = 0 (the full version of Schur’s
Lemma requires that K is algebraically closed).

(iv) Thus, part of Lemma 1.18 also remains true for K-representations. For distinct irreducible

K-characters y and 1, we therefore have (x,¥)g = 0 (see proof of [Theorem 1.19)). Furthermore,
(X, x)a > 0, but not necessarily (x, x)¢ =1 (Exercise 19).

Definition 6.11. One calls exp(G) := min{n € N: ¢" =1 Vg € G} the exponent of G.

Remark 6.12. Division with remainder yields numbers a,r € Z with |G| = aexp(G) + r and 0 <
r < exp(@). Then g" = ¢g*@PG)+r = ¢lGl = 1 for all ¢ € G by Lagrange. This shows 7 = 0 and
exp(G) ‘ |G|

Theorem 6.13 (BRAUER). Let A: G — GL(n,C) be a matriz representation and let ¢ := €27/ xP(G)
Then A can be realized over Q((), i. e. by a suitable choice of basis one can assume A: G — GL(n,Q(()).

Proof. Let x be the character of A. Let K := Q(¢). By Brauer’s induction theorem, there exist
elementary subgroups Hy, ..., Hy,, and \; € Irr(H;) with A\;(1) =1 and

m
o= 3o
i=1

for certain a; € Z. Because of \;(1) = 1, we have \;(h)*P(@) = X\;(h=P(&)) = \;(1) = 1 for h € H;.
Therefore, \; can be realized over K. By A can therefore also be realized over K. We

write
k
)\ZG = Z bijTj7

j=1

where 7, ..., 7; are the irreducible K-characters of G. Then
k. m

X=2_ > b
j=1i=1

By Remark 6.10, (75, 7j)a > i aibij = (X,7j)¢ > 0 holds for j = 1,...,k, because 7; is obviously

also a character (over C). Thus > ", a;b;; > 0, and x is a K-character. There exists therefore a K-
representation I' with character x. By A and I' are similar. This shows the claim. [

Remark 6.14.
(i) The characters of cyclic groups cannot be realized over any smaller field than in {Theorem 6.13

(ii) [Theorem 6.13| makes it possible to realize representations on the computer, because every element
in Q(¢) can be uniquely written in the form ag + a1 + ... 4+ ap¢* with k := ¢(exp(G)) — 1 and
ai,...,ar € Q.
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Example 6.15. Let A be a matrix representation with character y. According to[Theorem 6.13] we can
assume A: G — GL(n, Q(¢)) with ¢ := >™/IG], Let a € G := Gal(Q(¢)|Q). Obviously, a then induces
an automorphism on GL(n, Q(¢)) by a((zi;)7;=1) = (a(xij))};—1. Consequently, *A := a0 A: G —
GL(n,Q(¢)), g — a(A(g)) is also a matrix representation of G. Let m € Z with «(¢) = (™. For the
character ®*x of *A, it then holds that *y(g) = Trace a(A(g)) = a(x(g)) = x(¢™) for g € G (see proof
of [Lemma 2.12| and |[Exercise 5. Conversely, it is known from Algebra 1 that for every m € Z with
ged(m, |G|) = 1, there exists an a € G with a(¢) = ("™ (G = (Z/|G|Z)*). In this case, g — x(¢™) is
therefore always a character of G. For m = —1, one obtains “y = X. For x € Irr(G), “x € Irr(G) also
holds, because

(x "0 = 151 =Y ald@)alx(s™)) = al(v. 1)) = (1) = 1.

geG

If x(g9) ¢ Z for some g € G, then there always exists an a € G with *x # x, because Q({)|Q is a
Galois extension. One calls x and *x algebraically conjugate. In this way, one can frequently construct
characters.

Remark 6.16. A group H is called an M-group, if every irreducible character of H is the induction
of a character of degree 1 (i.e., every irreducible character is monomial). According to |[Lemma 6.6}
elementary groups are M-groups. We will conversely show that every M-group is solvable.

Lemma 6.17. Let ¢ be a character of H < G. Then

Ker 1/1G m g Ker (v

geG
Proof. Tt holds that
v € Ker(y®) <= ¢%(2) =¢(1) = |G Hlp(1) <= > (gzg™") = [Gly(1).
g€eq,
grg~teH

For x € Ker(1)“) we thus have

Gl =| > wlgrg < Y (grg I < IGI(1)
gEGz gEG,
gocgfleH g:cgfleH

by [Lemma 2.12| The Cauchy-Schwarz inequality (cf. proof of [Lemma 2.12)) implies grg~' € H and
Y(grg~') = () for all g € G. Thus

Glw(1) = ¢(grg™") = |Gy ()

geG

and ¥(grg~') = (1) for all g € G. This shows

z e Ker(hp¥) <= Vg e G:grg~t e Ker(¢p) <=z € ﬂ gKer()g™t. O
geG

Definition 6.18. We define GV := G’ and G := (GU—VY for i > 2.
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Remark 6.19.

(i) As is well known, G1) = G’ < G. Let us assume inductively that G¢~1) < G holds. Let g € G.

Then the map GO~ — GO~ 2+ grg~! is an automorphism a € Aut(GU—Y). By
it follows that gG® g1 = a((GUDY) = (GU-1Y = G¥. Thus all G® are normal in G.

(ii) As is well known, G is solvable if and only if there exists a k € N with G*) = 1.
Theorem 6.20 (TAKETA). Every finite M-group is solvable.

Proof. Let G be an M-group. Let 1 = a1 < ag < ... < oy be the degrees of the irreducible characters
of G (without multiplicities). We first show G) C Ker(y) for all x € Irr(G) with x(1) = ;. For
i = 1, x has degree 1 and GV = G’ C Ker(x) holds. Now let i > 1. We argue by induction on i.
By assumption, there exist < G and A € Irr(H) with A\(1) = 1 and x = A\“. Because H < G and
(1%, l¢)e = (g, 1)y =1, 1% is reducible. For every irreducible constituent ¢ of 1%, it thus holds
that ¢(1) < 16(1) = |G : H| = A\9(1) = x(1). By induction, GG~1 C Ker(v)). By and
Lemma 6.17L this also implies G0~ C Ker(1%) C H. Tt follows that G®) = (GU—V) C H' C Ker(\).
Since G < G, [Lemma 6.17| also shows

elia ﬂ gKer(\)g™! = Ker(x).
geG

In particular,

a® ¢ ﬂ Ker(x) =1
x€lrr(GQ)

by [Exercise 9] i.e. G is solvable. O

Remark 6.21. Not every solvable group is an M-group (see [Exercise 20)).

7 Frobenius-Schur Indicators

Remark 7.1. We concern ourselves with the question of how many “roots” an element g € G has.

Definition 7.2. Forn € N and g € G let
On(g) :=[{h € G:h" = g}].

Remark 7.3.

(i) In the case ged(n,|G|) = 1, it holds that 6,(g) = 1 for all g € G, because the map G — G,
g — g™ is a bijection.

(ii) Obviously 6, is a class function, i.e. we can write

x€lrr(G)

with v,(x) € C.
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Lemma 7.4. For all x € Irr(G) and n € N we have

vn( Zx

gEG’

Proof. It holds that

vn(X) = (X, bn)c = ‘G’Zx n(9) !GIZZ ZZ HE:x(h")ﬂ

geG g€G heq, heG geaq, heG
h"—g h™=g

Definition 7.5. One calls v2(x) the Frobenius-Schur indicator of x € Irr(G).

Theorem 7.6. For x € Irr(G) it holds:

() = {ﬂ X

0 otherwise.

Proof. Let A: G — GL(n,C), g — (7;(9));';=1 be a matrix representation with character x. We
consider the representation A% := A® A: G — GL(n?,C) (see[Remark 2.2/and [Remark 2.4). As there,

let i+ (i1,72) be a bijection between {1,...,n%} and {1,...,n}2. It is easy to see that
U= {(a1,...,a,2) €C" 1 q; = —ay if (i1,42) = (j2,71)}
is a subspace of C". For (a1,...,a,2) € U and g € G, we have
,n2
(A%(g)) (a1, . .- = <Z @j%irj1 (9)Vizj (9))
=1

Let k € {1,.. .,n2} with (ki, k2) = (i2,41). Then

Z a;%i1j1 (9)Vizjz (9 Z ;j%i1ja (9)Vizji (9 Z @Yk 1 (9) Vi (9)-

Thus (A2%(g))(ai,...,a,2) € U and U is AZ-invariant. By Maschke, there exists a AZ-invariant com-
plement V < C" of U. Let A? : G — GL(U) and 52 : G — GL(V) be the corresponding subrepresen-
tations (so A? = A? @ S?). wlog. let i1 < ig fori =1,...,n(n —1)/2. We choose i’ € {1,...,n?} with
(i,15) = (22,11) Then {b; :=¢; —ey :i=1,...,n(n— 1)/2} is a basis of U, where e; is the standard
basis of C"”. Then

(A%(9)) (i) = (AQ( D(0:) = (V212 (973012 (9) — o (@) (9)) 1y

n(n

Z Virir (9)Vjaiz (9) — Viria (9)Vjaia (g))bj
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for g€ G and i = 1,...,n(n — 1)/2. For the character A of A2, it thus holds that

'n(n 1)

Z %111 71212 ) - 71'11'2( )71221 = <Z %z > - (Z %J 7]@ )
i,7=1
=Trace A(g)?
=Trace A(g?)
1
= 5 (x(9)* = x(¢")

for g € G. Since A is a constituent of x? (A2 = A2®5?), wehave 0 < (\, 1g)e < (X%, 1a)e = (6 X)a <
1. According to it follows that

+1 if xy =y,

0 otherwise.

va(x) = (x> = 2\, 1le)e = (X% 16)e — 20\ 1e)a = (X, X)a — 20\, 1g)a = { O

Remark 7.7.

(i) The representation A% (resp. S?) constructed in the proof is called the alternating (resp. symmet-
ric) square of A.

(i) It holds that vo(x) = 1 if and only if an R-representation with character x exists (without proof).
Definition 7.8. An element of order 2 in G is called an involution.

Theorem 7.9. The number of involutions in G is

Yo ombox()—1= > wm()x(1).

x€lrr(G) x€lrr(G),
X=x#1c

Proof. This follows from |[{z € G : 22 = 1}| = 02(1). O

Lemma 7.10. Let t > 0 be the number of involutions in G. Then there exists an x € G \ {1} with
|G = Calz)| < (IG]/1)?.

Proof. Let S := {x € Irr(G) : 1¢ # x = X}. According to [Theorem 7.9, 0 <t < 3° -¢x(1). In
particular, S # @. From the Cauchy-Schwarz inequality it follows that

2
t? < <Z X(U) <D (WP =181 x(1)? < ISIIGT < (K@) = DG
X€ES XES  x€S X€ES
If every non-trivial conjugacy class of G had more than (|G|/t)? elements, then

IGI2

Gl —1> (k(G) — 1) > |Gl O

Theorem 7.11 (BRAUER-FOWLER). Let n € N. Then there ezist only finitely many simple groups G
with an involution = such that |Cg(x)| < n holds.
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Proof. If G is abelian, then |G| = |[Cg(z)| < n and the claim is clear. So let G be non-abelian. The
conjugacy class of z in G contains |G : Cg(x)| > |G|/n elements. This is therefore a lower bound for the

number of involutions in G. According to [Lemma 7.10} there exists a y € G\ {1} with |G : Cg(y)| <
(|G|/(|G]/n))? = n?. Since G is simple and non-abelian, Cg(y) < G also holds. As usual, G acts

transitively (and thus non-trivially) on G/ Cg(y) by left multiplication (i.e. 9(h Cq(y)) := ghCa(y)).
The corresponding homomorphism « : G — Sym(G/ Cg(y)) is then also non-trivial. Since G is simple,
it follows that Ker(a) = 1. In particular, |G| < |Sym(G/ Cg(y))| < n?!. The claim follows. O

Remark 7.12. According to Feit-Thompson (“Groups of odd order are solvable”), every simple, non-
abelian group possesses an involution. The Brauer-Fowler theorem was the fundamental idea behind
the classification of finite simple groups.

Lemma 7.13. Let p™ be a prime power. The sum of the primitive p"™-th roots of unity in C is 1 if
n=0,—-1ifn=1o0r0ifn>2.

Proof. We can assume n > 1. For ¢ := ¢2™/?" ¢ C it then holds that Zflgl ¢ = % =0.Forn=1
the sum of the primitive roots of unity is Zf;ll ¢(* = —1. For n > 2 it follows that

pnil pn7171
DRNIED SIS S .
0<i<p™ 1=0 i=0
ged(i,p)=1

Theorem 7.14 (FROBENIUS). For alln € N and x € Irr(G) it holds that

1
= > x(9) € Z.
acd(n, 16D o5
gt=

In particular, ged(n, |G|) | 0,(1).

Proof. Let p be the regular character of G. We first show that 7(g) := p(¢™)/ ged(n, |G|) for g € G is
a virtual character of G. According to Brauer (see proof of [Theorem 6.8), it suffices to show that 7p
is virtual for every elementary subgroup F < G. Let p; be the regular character of F. For g € E, we

then have
rilg) = W) _ |G Eleedm [B) _ pi(g")
ged(n, |Gl) ged(n, |G])  ged(n, |E))
eN

Thus, we can assume G = E. Then G is the direct product of its Sylow subgroups G = P; x ... x Ps.
Let p; be the regular character of P;. For g =x1...25 € G (z; € P;), it then holds that

o o) pula™)
(@)= gedlm [P} " ged(m, | PL))

By induction on s, we can assume that G is a p-group. Let ged(n, |G|) = p®. In the case p®*! | n,
we have |G| = p® and 7(g) = p(1)/|G| = 1g(g). We can therefore assume n = p®*m with p { m. Let
7 (g) := p(g"")/p® for g € G. If we can show that 7’ is a virtual character of G, then this also holds

for 7, because 7(g9) = 7'(¢™) for g € G (see [Example 6.15)). We can therefore assume n = p®. For
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x € Irr(G), we must show: (x,7)g € Z. According to [Lemma 6.6 there exist H < G and ¢ € Irr(H)
with (1) = 1 and x = ¢“. Thus, it suffices to show:

G:H
x:7)e = (p,TH)H = | m | Z o(h) € Z.
heH,
hP® =1

Let # € H with |(z)| = p® > p? and let ¢(z) be a primitive p°~th root of unity. According to
Lemma 7.13, we have

P lp—1) ife=0,
Z o(h) =< —pt~! ifc=1, =0 (modp*).
heH, 0 otherwise

(h)=(z)

Since z ~ y < () = (y) is an equivalence relation on H, the following congruence holds:
G Y =il 3 e+ X w) = 16l =0 (uod )
heH, heH, heH,

rP* =1 hP* =1 hP® £1

This finally shows that 7 is a virtual character for every finite group G. Because (x,7)g € Z for
x € Irr(G), the first assertion follows. The second assertion is obtained by x = 1¢. O

Remark 7.15.
(i) A similar proof shows ged(n, [Ca(g)|) | On(g) for g € G.

(ii) Using the classification of finite simple groups, it was possible to prove the following conjecture
of Frobenius:

0.(1)=n||G|={9€G:¢"=1}<G.

8 Normal Complements

Definition 8.1. Let P be the set of all prime numbers and 7 C P. We set 7/ := P\ 7. An element
x € G is called a w-element, if every prime divisor of |(z)| lies in 7. Analogously, G is a w-group, if
every prime divisor of |G| lies in 7.

Remark 8.2.
(i) According to Lagrange and Cauchy, G is a w-group if and only if every element in G is a w-element.

(ii) Let x € G. As is well known, (r) possesses for every prime number p exactly one (normal) p-
Sylow subgroup S,. In particular, (z) = HpeIP Sp. Consequently, there exist uniquely determined
zp € Sp with @ = [ cp xp. One calls z;, the p-factor of z. For m C P let 2y := [[ . @p. Then z;
is the m-factor of x. Obviously x = x 2.

pem
Theorem 8.3 (BRAUER-DADE). Let N < H < G and m C P with the following properties:

(i) H/N is a m-group.

(ii) |G : H| is not divisible by any prime number in m.

36



(iii) If x,y € H are conjugate in G, then tN,yN are conjugate in H/N.

(iv) If h is a m-element in H \ N and P € Syl,(Cg(h)) for a prime number p € m with p { |(h)|, then
(h) P is conjugate to a subgroup of H.

Then there exists a normal subgroup M <G with G = HM and HNM = N.

Remark 8.4. If one has already proven the existence of M, then one can construct Irr(G/M) from
Irr(H/N) and the isomorphism G/M = HM/M = H/H N M = H/N. In the proof of [Theorem 8.3]
one proceeds in the opposite direction and first constructs the inflation of the characters in Irr(G/M)
and obtains M as the intersection of the kernels of these characters (cf. proof of [Theorem 5.8)).

Proof. Let Cl(H/N) ={C4,...,Cx} and C; = {1}. Fori =1,...,k let
B;:={h € H :hN € C;},
so By =N and H= " B;. Fori=2,...,k let
A; :={g € G : gr is conjugate to an element in B;}.

With 4; := G\ U?:g A;, we then have G = Ule A;.
Fori=1,...,k, A; is a union of conjugacy classes in G.

Claim 1: G = UleAi.

Proof: Let g € A;NA; and wlog. i # 1 # j, then gr is conjugate to an element h; € B; and an element
h; € B;. Consequently, there exists an z € G with zhiz™! = hj. Because of , hiN and h;N are
then conjugate in H/N, i.e. i = j.

Claim 2: A,NH = B;.

Proof: First let ¢ > 2 and h = h hy € B;. Then hy € N by , so hN = h;N and thus h, € B;
and h € A; N H. Conversely, if h € A; N H, then h; is conjugate to an element in B;. Consequently,
hN = h;N € C; because of and thus h € B;. By definition, A1 " H = H \ U§:2(Ai NH) =
H\ U?:z B; = B

For p € w, H contains a p-Sylow subgroup of G because of . Therefore, every p-element = € G is
conjugate to an element y € H. We say that x is of type I in the case y € H \ N and of type II in the
case y € N. By , x is either of type I or of type II, but not both. For each g € G we set

alg) = H 9p and Blg) == H 9p-

pem, peET,
gp of type I gp of type II

Then g = a(g)B(9)gx-

Claim 3: For every g € G with a(g) # 1, g is conjugate to an element in H \ N.

Proof: If g, is a p-element for a prime p, then g, is of type I because of a(g) # 1, and we are done.
If g is not a p-element, then there exists a prime divisor p of [(gr)| with g = xg, and a(x) # 1 for
T = gn fp}- Consequently, there exists a ¢ € 7 \ {p} such that g, is of type I. Arguing by induction on
the number of prime factors of |(g,)|, we can assume that = is conjugate to an element in H \ N. By
replacing g with a conjugate, we can even assume z € H \ N. Let P € Syl (Cg(z)) with g, € P. By
({iv]), (x)P is conjugate to a subgroup of H. In particular, g, = xg, is conjugate to an element h € H.
In the case h € N, we would have h; € N. But then g, would be of type II. Thus h ¢ N, and the
claim is proven.
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Claim 4: Ay ={g € G:a(g) =1}.

Proof: Indeed, if g € G with a(g) # 1, then g € A; for some i € {2,...,k} by Claim 3. Conversely,
if g € A; for some i € {2,...,k}, then g, is conjugate to an element h € B;. Consequently, a(g) is
conjugate to a(h) and 5(g) to S(h). Every p-factor y of B(h) thus lies in H and is conjugate to an
element in N. By (iil), we have y € N. This shows: 8(h) € N. Consequently, a(h)N = a(h)3(h)N =
hN € C; and thus a(h) € B;. In particular, a(h) # 1 and a(g) # 1.

Claim 5: g € A; = a(g),9r € A;.
Proof: For g € A;, g € A; by the definition of A;. For i =1, a(g) = 1 € By C A; by Claim 4. So let
i > 2. Then, as above, a(g) is conjugate to an element a(h) € B; C A;, so also a(g) € A;.

Claim 6: a(g) =1 = a(¢") =1 for n € N.
Proof: For a(g) = 1, every p-factor (for p € 7) of g is conjugate to an element in N. Therefore, every
p-factor of g™ is also conjugate to an element of N. This shows a(g") = 1.

Claim 7: If £ = U x @ < G is a m-subgroup with U = (u), a(u) # 1 and Q € Syl,(E), then E is
conjugate to a subgroup of H.

Proof: Because of a(u) # 1, u = u, is conjugate to an element in H \ N (Claim 3). By replacing E
with a conjugate, we can thus assume v € H \ N. Then the claim follows from .

Let Ir(H/N) = {1,..., ¢} CIrr(H). For i =1,...,k, v; is then constant on each B; and possesses
exactly one extension y; € CF(G) that is constant on each A;. We show x; € Irr(G) using|Theorem 6.8]
For this, let EF = E; X E+ < G be elementary, where E is a m-group and E, is a w’-group. For x € F,
we have z, € E; and x;(z) = xi(zr), because z and z, lie in the same A; (Claim 5). Therefore,
(xi)E = (Xi)E, 1B, and we can assume E = E . Let E = U x @ with U = (u) and
Q € Syl,(E). In the case a(u) # 1, we can replace I with a conjugate and assume E' < H (Claim 7).
Then (xi)g = (¥i)E is a character of E. So let a(u) = 1. Let x = v"v € F with v € . By Claim 6,
a(z) = a(u™v) = a(u™)a(v) = a(v) and

Xi(z) = xi(efz) Bz) )= xila(z)) = xi(a(v) = xi(v).
GI;:;(;i)

This shows (xi)r = 1lu(xi)@ and we can assume E = Q. By Sylow, we can assume F < H. But then
(xi)E = (¢;)E is a character of E. Thus x; is a virtual character of G.

Fori=1,...,klet b; € B; and 6; := Z?:l wj(bl._l) X;- According to the second orthogonality relation
for H/N, we then have

(9171(}' |G‘ZH Zzwj XJg |G‘Z’A‘Zw1 T

geG gEG] 1
A; A;l|H: N A; A;
- ||Gzr"CH/N(bZ‘N)' IR o e R :|HZ|||Bi| <@
On the other hand, the multiplicities of the irreducible constituents of 6; are clearly algebraic integers.
By [Lemma 3.5 we thus have (0;,1g)¢ = % € N and |A;| > |G : H||B;|. Therefore,
k k
Gl =" |Ail > |G H|Y |Bi| = |G: H||H| = |G].
i=1 i=1
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For i =1,...,k, we thus have |4;| = |G : H||B;|. Consequently,

(Xqu = ZX@ Xz 71 ’G| Z‘A ‘Ipz QpZ( )

gEG

- |]1[| Z |BJ|¢i(bj)1/’i(b;1) = (Wi, Yi)p =1
=

Because of x;(1) = (1) > 0, we thus have x; € Irr(G) by Because of By = N =
ﬂle Ker(v;), we have Ay C ﬂle Ker(x;). For x € B; C A; with ¢ > 2, there exists a 1¢; with
Xj(z) = ¢j(x) # (1) = x;(1). Thus 4; = ﬂle Ker(xi) < G with Ay N H = B; = N. Because of
|A1| = |G : H||B:1| = |G : H||N|, we have

AdlE] |Gl
(AN H] TN

|ALH| = = |Gl.

This shows A1 H = G, and we are done. O

Theorem 8.5 (DADE). Let N < H < G and m C P with the following properties:
(i) H/N is a m-group.
(ii) If x,y € H are conjugate in G, then zN,yN are conjugate in H/N .
(iii) Every elementary w-subgroup of G is conjugate to a subgroup of H.
Then there exists a normal subgroup M of G with G = HM and HNM = N.
Proof. Let p € 7 and P € Syl,(G). Since P is elementary, P is conjugate to a subgroup of H, so
pt|G: H|. Thus G satisfies the assumptions of [Theorem 8.3} and we are finished. O
Theorem 8.6 (BRAUER-SUZUKI). Let 1 C P and H a w-subgroup of G with the following properties:
(i) If x,y € H are conjugate in G, then they are also conjugate in H.
(ii) Every elementary m-subgroup of G is conjugate to a subgroup of H.

Then there exists a normal subgroup M of G with G = HM and HNM = 1.
Proof. [Theorem 8.5 with N := 1. O
Lemma 8.7. Let P be a p-group and U < P. Then U < Np(U).

Proof. We argue by induction on |P|. In the case |P| = p, we have 1 = U < Np(U) = P. So let
|P| > p. Because of Z(P) C Np(U), we can assume Z(P) C U. According to Algebra 1, Z(P) # 1. Let
P := P/Z(P) and U := U/ Z(P). By induction, U < N5(U). Thus there exists an z € P\ U with
xUz~ Y/ Z(P) =zUz ' = U = U/ Z(P). It follows that = € Np(U). O

Remark 8.8. The following theorem generalizes

Theorem 8.9 (WIELANDT). Let N < H < G. Furthermore, let HNxzHxz ' C N for allz € G\ H.
Then there exists a normal subgroup M of G with G = HM and HN M = N.
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Proof. 1f one denotes by 7 the set of prime divisors of | H/N|, then is satisfied. Let p € m,
Q € Syl,(H) and P € Syl,(G) with Q C P. As is well known, QN/N € Syl (H/N), so QN/N # 1
because of p ‘ |H/N|. Consequently, @ € N. For g € Np(Q), Q@ = gQg~! C HNgHg ' Because of
Q Z N, it follows that g € H. Therefore Np(Q) C HNP = @ and thus P = @ according to|Lemma 8.7]
Consequently, p t |G : H|, and is satisfied. Let z,y € H and g € G with y = gxzg™'.
In the case g € H, yN = (gN)(zN)(gN)~t. So let g ¢ H. Then y = gvg~! € HNgHg ! C N
and analogously x € N, so yN =1 = N in H/N. Thus is satisfied. Finally, let
x € H\N and g € Cg(z). Then x = gzg~' € HNgHg™ !, so g € H. Consequently, Cg(x) C H. Thus
all assumptions of are satisfied, and the assertion follows. O

Theorem 8.10. Let P € Syl,(G). If any two elements in P that are conjugate in G are already
conjugate in P, then P possesses a normal complement in G.

Proof. Follows by Sylow and [Theorem 8.6| with 7 = {p} and H = P. O]

Theorem 8.11 (BURNSIDE’s Transfer Theorem). Let P € Syl (G) with Ng(P) = Cg(P). Then P
possesses a normal complement in G.

Proof. Because of P C Ng(P) = Cg(P), P is abelian. Let 2,y € P and g € G with grg~' = 3. Then
P < Cg(x) and g 'Pg < g ' Ca(y)g = Ca(g~'yg) = Cq(x). By Sylow, there exists a ¢ € Cg(x) with
cPc™! = g71Pg. Thus gc € Ng(P) = Cg(P) < Cg(x). Hence g € Cg(z) and y = grg~! = x. Now the
assertion follows from [Theorem 8101 O

Remark 8.12. Usually, is proven in group theory by means of transfer.

Theorem 8.13. Let p be the smallest prime divisor of |G|, and let P € Syl,(G) be cyclic. Then P
possesses a normal complement in G.

Proof. As usual, Ng(P) acts by conjugation on P. This yields a homomorphism Ng(P) — Aut(P)
with kernel Cg(P). Thus Ng(P)/ Cq(P) is isomorphic to a subgroup of Aut(P). Since P is cyclic,
P = Z/p"Z for some n € N. In Algebra 1, it is shown that Aut(Z/p"Z) = (Z/p"7Z)*. This shows
Na(P)/ Ca(P)| | |Aut(P)] = p(p") = "~ (p—1). Since P is cyclic, P C Ca(P) and [Na(P)/ Ca(P) |
p— 1. Since p is the smallest prime divisor of |G|, even Ng(P) = C¢(P) holds, and the assertion follows
from Burnside’s Transfer Theorem. O

Example 8.14. Let P € Syl,(G) be cyclic. According to [Theorem 8.13] P has a normal complement
N in G. According to Feit-Thompson, N is solvable. Because of G/N = PN/N 2 P/PNN = P G is
therefore also solvable. We prove a weaker statement without the theorem of Feit and Thompson.

Theorem 8.15. If all Sylow groups of G are cyclic, then G is solvable.

Proof. We argue by induction on |G|. wlog. let G # 1. Let p be the smallest prime divisor of G and
P € Syl,(G). According to there exists an N <G with G = PN and PN N = 1. Every
Sylow group of NV lies in a Sylow group of G and is therefore cyclic. By induction, N is thus solvable.
As is well known, every p-group is also solvable. With N and G/N = PN/N 2 P/PNN = P, G is
therefore also solvable. O

40



Remark 8.16. In the situation of [Theorem 8.15, one can further show that G’ and G/G" are cyclic
(without proof). In particular, G = 1.

Example 8.17. Groups of square-free order are solvable.

Theorem 8.18 (FROBENIUS). Let P € Syl,(G) and for every subgroup 1 # Q < P let Ng(Q)/ Ca(Q)
be a p-group. Then P has a normal complement in G.

Proof. According to Sylow, the assumption holds for all P € Syl,(G). Let I' be the set of pairs (P, Q)
with P, Q € Syl,(G), such that there exists a ¢ € Co(PNQ) with P = cQc ™. We show that I' contains
all pairs of Sylow groups. Let P, P, € Syl,(G) with (P, Py) ¢ I, such that | PN P | is maximal. Obviously,
then D := PN P; < P (otherwise one could choose ¢ = 1). Let N := Ng(D) and PNN C S € Syl,(N)
as well as Py NN C T € Syl,(N). Finally, let S C R € Syl,(G). Since SCg(D)/Cg(D) is a p-Sylow
group of N/ Cg(D), the assumption implies N = S Cg(D). According to Sylow, there exists an n € N
with T = nSn~1. Because of N = SCq(D) = Cg(D)S, we can assume n € Cg(D). According to

it holds that
D <Np(D)=NNnPCSNPCRNP.

By the choice of (P, P;), there exists an © € Cg(P N R) C Cg(D) with P = xRz~!. Analogously, it is
also
D<Np(D)=NNP L CTNP,=nSn'NP CnRn NP

and there exists a y € Cg(nRn=!' N P;) C Cg(D) with nRn~! = yPiy~!. In total, we have P =
rRx~! = an~lyPry~nz~! with an~ly € Cg(D) = Cg(P N P;). This contradiction shows that T
contains all pairs (P, Q) with P,Q € Syl,(G).

Now let z,y € P and g € G with y = gzg~'. Then y € PN gPg~'. According to what was just shown,
there exists a ¢ € Cg(PNgPg~') C Ca(y) with cPc™! = gPg~!. Since P Cg(P)/ Cq(P) is a p-Sylow
group of Ng(P)/ Cg(P), it follows that Ng(P) = P Cg(P) by assumption. Thus ¢~ tg = ab with a € P
and b € Cg(P) C Cg(z). Then y = ¢ lyc = ¢ tgrg~lc = abzb~la™! = axa~!. The claim now follows
from O

Theorem 8.19 (Focal Subgroup Theorem). For P € Syl,(G), we have
PNG = {(xy':x,y € P are conjugate in G).

1 1

Proof. If x,3y € P are conjugate in G, then there exists a ¢ € G with xy™! = xgx~lg~! = [2,¢].
This shows P, := (xy~! : 2,y € P are conjugate in G) C PN G’. For z,y € P, conversely, [z,y] =
r(yr~ty™!) = x(yry=1)"! € P. Thus P’ C P, < P and P/P; is abelian. Let A € Irr(P/P;) C Irr(P).
Let ¢ € G. Then there exists an * € G with xzgyz™! € P. We define 9(g) = A(zgyz~1). If also
ygpy~ 1 € P for some y € G, then

(a:gprl)(ygglyfl) = (zgpz Hyz Hagpr ) toy~t € P < Ker(N).

Therefore A(zg,z™1) = Mygpy ') and 1 is well-defined. The same argument also shows ¢ € CF(G).
We show ¢ € Irr(G) using For this, let £ < G be elementary and g,h € E. Since E is
the direct product of its Sylow subgroups, (gh), = gphy holds and (gp, hp) is a p-group. Thus there
exists an z € G with z(gp, hp)z~1 < P. Then

¥(gh) = Ma(gh)pr™") = Magpa ™ ahyz™") = Magpa™ YA @hpa™") = 1(g)i(h).
Because of (1) = A(1) = 1, we have ¢ € Irr(E). Because of |¢(g)| = 1 for all g € G, it also holds

that (¢,1)c = 1. According to|Theorem 6.8, ¢ € Irr(G). Now let g € P\ P;. By a suitable choice of A,
we can assume ¥ (g) = A(g) # 1. Because of ¢(1) = 1, it follows that g ¢ PNG' < G' < Ker(¢yp). O
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9 Zeros in the Character Table

Theorem 9.1 (BURNSIDE). Let x € Irr(G) with x(1) > 1. Then there exists a g € G with x(g) = 0.

Proof. Let us assume x(g) # 0 for all g € G. Let ¢ := 2™/l ¢ C and G := Gal(Q(¢)|Q). For v € G
with v(¢) = ¢, it holds that v(x(g)) = x(¢9™) according to[Example 6.15] Because of ged(|G|, m) = 1,
the map g — ¢" is a bijection on G \ {1}. Since G is abelian, v(x(¢)x(g9)) = x(¢™)x(¢g™) holds. Thus
w:=[Ti45eq Ix(9)|? > 0 is in the fixed field of G, i.e. in Q. On the other hand, w is algebraic-integral
and it follows that w € Z from [Lemma 3.5 In particular, w > 1 and the inequality of arithmetic and
geometric means shows

1

a1 2 @) @t > 1.

175 cG

Thus

Gl = 1G|(x. X)e = + ) @l =x(1)’+l6 -1
1#g€G

and we obtain the contradiction x(1) = 1. O

Remark 9.2. For x(1) = 1, it obviously holds that x(g) # 0 for all ¢ € G. The next theorem shows
where one can find zeros in the character table.

Theorem 9.3 (BRAUER). Let x € Irr(G) and p € P with p ¢ % Then x(g) = 0 for all g € G with
r| Kg)

Proof. We define a class function 6 on G by

olg) {x(g) ifpt1{g)l,

0 otherwise.

We first show that 6 is a virtual character. For this, let ' = Px @ < G be elementary with P € Syl,(£)
(note that E is not necessarily p-elementary). Then §(z) = 0 for all zx € E'\ Q and 6(x) = x(z) for
z € Q. For ¢ € Irr(E) we thus have

1P|(6p, ¢)e = —= > x(x) = (x@:¥qQ)q € Z.
\Q| v

Let g € K € CI(G) and w(g) := wy(K) = If;\(xl()g) = \cﬁgﬁfi)(n (see [Lemma 1.23). Then

Bl(02, 0 = 3 x(@hita ) = X el (Coto)l

T€Q T€Q
For z € ), P C Cg(x) holds. Therefore

e} _ - -
S O )e = x;}%)w HiCo(w) : P

is an algebraic integer in Q according to Consequently,

IGlQ|
x(1)

(0, Y)E € Z.
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Because of El(lf)?‘ € Z and gcd(@(‘gl, |P|) = 1, it follows that (fg,v)r € Z. This shows that 0 is a

virtual character of E. By Brauer, 6 is a virtual character of G (see proof of Theorem 6.8]). In particular,
(0,x)c € Z. On the other hand,

0< - > x(9)x(9) = (0, x)¢ < (v, x)a = L.
Gl =2
Pil(g)

Therefore (0, x)a = (x, X)¢ = 1 and

1
0=(=0x) =1 > Il
9€G@,

p|l(9)]

i.e. x(g) =0 for allgEGWithp’ 1{(g)]- O

Remark 9.4. In the situation of [Theorem 9.3] one says: x has p-defect 0.

10 Finite linear groups

Remark 10.1. If G possesses a faithful representation of degree n, then G is isomorphic to a subgroup
of GL(n,C). In this chapter, we will see that G' possesses “large” abelian normal subgroups (in relation
to n). In the case n = 1, G is even cyclic as a subgroup of C*.

Definition 10.2. For A = (a;;) € C"*" let

Al :==/ Trace(AZT) =

Remark 10.3.

(i) If one writes A € C™*" in the form A = A; + Agi with A1, Ay € R™ ™ then C™*™ becomes a
Euclidean space of dimension 2n? (over R) with the usual norm. In particular,

A+ Bl < [|All + [|B]| and Al = laf[[A]
for A,B € C"™"™ and a € C.
(ii) Let U(n,C) := {4 € GL(n,C) : A~! = ZT} < GL(n,C) be the unitary group of degree n. For
U,V € Un,C) and A € C"*", it then follows that
|UAV|? = Trace(UAVV A U ") = Trace(U(AA )U™!) = Trace(U'UAA")
= Trace(AA") = || A%

(iii) The spectral theorem from linear algebra states that for every matrix A € C™*" with AA" =
ZTA, there exists a matrix U € U(n, C) such that UAU ! is a diagonal matrix In particular,
this holds if A is unitary or Hermitian (i.e. A’ = A).

2See lecture notes Linear Algebra
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Theorem 10.4. Every representation A: G — GL(n,C) is similar to a representation A" : G —
U(n,C).

Proof. The matrix M := > oA (g)A(g)T is Hermitian. By the spectral theorem, there exists U €
U(n,C) with UMU~! = D, where D is a diagonal matrix. Because v =U ~1. it then follows that

D=UMU" =Y UA@U'UA(y) U =3 UA(9U - TAgU T .
geG geqG

Thus, we can assume that M is a diagonal matrix. By definition, the main diagonal entries of M are
real and positive. In particular, M = P? for some P € GL(n,R). As usual, A(h)MA(h)T = M and
(P—lA(h)P)(PA(h)TP—l) =1, for all h € G. Thus, P"*A(h)P € U(n,C) for all h € G. O

Theorem 10.5 (JORDAN). There exists a function f : N — N with the following property: Every finite
group G < GL(n,C) possesses an abelian normal subgroup A QG with |G : A| < f(n).

Proof (TA0). Induction on n: In the case n = 1, we can certainly set f(1) := 1. Let n > 2. The

inclusion map G — GL(n,C) is a representation of degree n. According to [Theorem 10.4] we can
assume G < U(n, C) by replacing G with zGz~! for some = € GL(n,C).

Let € > 0 and
H:=(zeG:|lz—-1|| <e).

1 1) =

For z € H with ||z — 1| < € and g € G, we have ||grg~! — 1| = ||lgzg~! — gg7!|| = |lg(x — 1)g
||z — 1]] < € according to Thus H <G. Let x1,...,x5 € G be a system of representatives
for G/H. Then |lz; — x;]| = [lziz; " — 1|| > € for i # j. On the other hand, ||z;| = Trace(z;7; ") =
/Trace(1l,) = y/n for i = 1,...,s. The subset M := {x € C"*" : ||z|| = /n} of the Euclidean space
C™™ is bounded and closed (i.e. compact). According to the Heine-Borel theorem from Analysis 1,
M can be covered by finitely many, say g(n), open balls of radius €/2. In each ball, at most one x; can
lie. In particular, |G : H| = s < g(n).

Assumption: Z(H) < C*1,

In the case Z(H) = H, we are finished with A := H and f(n) := g(n). So let x € H \ Z(H) such that
||l — 1| is minimal (G finite). Since not all generators of H can lie in Z(H), we have ||z — 1|| < e.
Furthermore, let y € H with ||y — 1|| < e. We choose u € U(n, C) such that uzu~" is a diagonal matrix
(spectral theorem). Write u(z — 1)u~! = diag(az, ..., a,) and u(y — 1)u™! = (3;;). Then

Iz = 1)(y = DIIP = Ju(z = Du™ u(y — Du|? = Z jailBisl? <) leil*|Bjul?

i,5,k

- (Tlaik) (Z 50) = (e — D Pty = D = o = 1Ly — 1

Analogously, ||(y — 1)(x — 1)|| < ||z — 1]||ly — 1|| also holds. It follows that
lzye ™ty =1l = ey —yz| = Iz~ (y—1)— (y— (@ -1)|| < 2[lz 1|y -1l < 2¢[lz—1]| < [l —1]]

for € < % By the choice of x, it follows that z := zyx~'y~! € Z(H). According to the assumption,
z = A1, for some A € C. Obviously det(z) = det(zyz~'y~1) = 1, i.e. A" = 1. In particular, there are
only n possibilities for A\. We have |\ — 1|y/n = ||z — 1| < ||z — 1]| < e. If one chooses € small enough,
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it follows that A = 1 and zyz~ty !

the contradiction x € Z(H).

= z = 1. Thus x commutes with all generators of H. This yields

Thus there exists z € Z(H) \ Cl,,. Because z € U(n,C), there exists a u € U(n,C) with

aq 1n1
d=uzu"t= ,
aklnk
where oy, ..., oy are pairwise distinct (wlog. ). Because z ¢ Cl,,, we have k > 1. One easily shows:
GL(nl, C) 0
Carn,c)(d) = ~ GL(n1,C) x ... x GL(ng, C).

Thus also H < Cqr,0)(2) = v~ ' Capm,c)(d)u = GL(n1,C) x ... x GL(ng, C). Let m; : H — GL(n;,C)
be the ¢-th projection. Because k > 1, we have n; < n. By induction, there exists an abelian normal
subgroup N;/ Ker(m;) <H/ Ker(m;) = m(H) < GL(n;, C) with |H : N;| = |H/ Ker(m;) : N;/ Ker(m;)| <
f(n;). Let

m:H — H/Ker(m) x ... x H/ Ker(my), g — (gKer(m),...,gKer(mg)).
Then Ker(m) = ﬂle Ker(m;) = 1. We define
K =7 YNy/Ker(m) x ... x N/ Ker(m,)) = N1 N ...N Ng.

Since 7 is injective, K is an abelian normal subgroup of H. Since the map H/K — H/Ny x...x H/Ny,
gK +— (gN1,...,9Ny) is also injective, we have

|H:K|<|H:Ny|...|H:Ng| < f(ni)...f(ng).

The function h(n) := max{f(i) : 1 <i < n — 1}" thus satisfies |H : K| < h(n). In total, |G : K| =
|G : H||H : K| < g(n)h(n). Since the normal subgroup relation is not transitive, K is not necessarily
normal in G. We therefore consider the action ¢ : G — Sym(G/K) with 9(hK) := ghK for g,h € G
(cf. proof of [Theorem 7.11)). One easily shows that A := Ker(¢) C K holds. In particular, A is an
abelian normal subgroup of G with |G : A| = |G : Ker(p)| < |Sym(G/K)| = |G : K|! < (g(n)h(n))!.
The function f(n) := (g(n)h(n))! thus satisfies the claim. O

Remark 10.6.

(i) As in one shows that G := SL(2,5) acts on the set of the six one-dimensional
subspaces of F2 with kernel Z(G) = (—15). It follows that SL(2,5)/ Z(G) = A5 and Z(G) is the
largest abelian normal subgroup of G. Furthermore, G possesses a faithful (irreducible) character
of degree 2. This shows f(2) > |G : Z(G)| = 60. In fact, equality holds (without proof).

(ii) Collins has shown |G : A) < (n+ 1)! for n > 71 in the situation of [Theorem 10.5| According to
this bound is also optimal. The proof, however, uses the classification of finite simple
groups.

Definition 10.7. A subgroup H < G is called a w-Hall subgroup, if H is a w-group and no prime
divisor of |G : H]| lies in 7. In particular, ged(|H|, |G : H|) = 1.
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Example 10.8.
(i) The p-Hall subgroups of G are exactly the p-Sylow subgroups.

(ii) Let G be abelian and S), € Syl,(G). For m C P, then G := [[ ¢, Sp is a m-Hall subgroup of G.

peET

)
(iii) As possesses no {2, 5}-Hall subgroup.
)

(iv) According to Frobenius kernels and Frobenius complements are always Hall sub-
groups.

Definition 10.9.
(i) For n € N let Q, := Q(e*™/™).

(ii) Let p € P and |G| = mp® with p { m. A character x of G is called p-rational, if x(g) € Qp, holds
for all g € G.

Example 10.10. In the case p1[(g)|, x(9) € Qn, (as a sum of |{g)|-th roots of unity). In particular,
every character is p-rational if p { |G|.

Lemma 10.11. Let p # q be prime numbers such that G has no element of order pq. Then every
character x € Irr(QG) is p-rational or q-rational.

Proof. Suppose that x € Irr(G) is neither p-rational nor g-rational. We write n := |G| = p*m, = ¢"m,
with p { my, and ¢ { mg. Let G, := Gal(Q,|Qp,) and G, := Gal(Q,|Qp, ). Then there exist v, € G, and

Vg € Gq with "y # x # Yax (see |[Example 6.15)).

If g € G with p{[(g)|, then x(g) € Qpp,. In particular, v,(x(g)) = x(g). Analogously, v,(x(9)) = x(g)
for ¢ 1 [{g)|- Since G has no element of order pq, it holds that p t [(g)| or ¢ 1 |(g)| for all g € G. This
shows

(=", (x = ")) = |C1; > (e ="0(9)(x = Tx)(9) = 0.
geG

Because 7y, % x € Irr(G), we have (x,x)ac = (x,7Xx)a = 0. The contradiction follows:

0=(x)e+(7x,""x)¢ > 1. 0
Lemma 10.12. For ged(n,m) =1, we have Q, N Q,, = Q.

Proof. Let ¢ := enm . Because Qn = Q(¢™) and Q,, = Q(¢™), the restriction map

T: Gal(Qun|Qn) = Gal(Qu|Qp N Qry)

is a well-defined homomorphism. Let v € Ker(I'). Because ged(n,m) = 1, there exist a,b € Z with
1 = an + bm. Then v(¢) = y(¢™F0™) = v({™)%y(¢™)? = ¢"¢™ = ¢. Thus T is injective and

ptm) = £ L B 10,1, @] = Gl Qo Q)] < [Gal(@nQn 1 Q)] < o).

The fundamental theorem of Galois theory implies the assertion. O

Lemma 10.13. Let x be a faithful p-rational character of G, where p ‘ |G|. Then x(1) > p—1.
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Proof. wlog. let p > 3. We write |G| = mp® with p { m. By assumption, x(g) € Q,, for all g € G. Let
P < G with |P| = p. Then xp has values in Q,. According to [Lemma 10.12} x(z) € Q for z € P. Since
x is faithful, xp contains a non-trivial constituent ) € Irr(P). For 1 # v € Gal(Q,|Q), "¢ # 7 is an
irreducible constituent of 7(xp) = xp. Because |Gal(Qp|Q)| = p — 1, xp thus possesses at least p — 1
irreducible constituents. This shows the assertion. O

Lemma 10.14 (FRATTINI Argument). Let N QG and P € Syl,(N). Then G = N Ng(P).

Proof. For g € G, gPg~—' < gNg~' = N. By Sylow, there exists an x € N with gPg~! = xPz~'. Thus
g=x(x"tg) € NNg(P). O

Lemma 10.15. Let G be abelian and p | |G|. Then there exists a subgroup H < G with |G : H| = p.

Proof. Since G is the direct product of its Sylow subgroups, we can assume that G is a p-group. In
the case |G| = p, we can choose H = 1. Now let |G| > p, and let € G be an element of order p. By
induction, G/(x) possesses a subgroup H/(z) with |G : H| = |G/{(x) : H/(x)| = p. O

Theorem 10.16 (BLICHFELDT). Ewvery finite group G < GL(n,C) possesses an abelian m-Hall sub-
group form:={peP:p>n+1}.

Proof. We argue by double induction on n and then on |G|. In the case n = 1, G is abelian and the

claim follows from [Example 10.8. So let n > 2. Let x be the faithful character of degree n arising
from the embedding G — GL(n,C).

Claim: Every m-subgroup H < G is abelian.

Let v be an irreducible constituent of x . Then (1) ‘ |H|. Every prime divisor p of (1) thus satisfies
n+1<p<y(l) < x(1) = n. Consequently, (1) = 1. Thus xg is a sum of irreducible characters
Y1, ..., of degree 1. Hence

H' CKer(¢r)N...NKer(yg) = Ker(xy) = Ker(x) N H =1

(see [Exercise 9)) and H is abelian.

It therefore suffices to show that some 7-Hall subgroup exists.

Claim: x € Irr(G).

Let x be reducible and y = x1 + x2 with K; := Ker(y;) for i« = 1,2. Then G/K; < GL(x;(1),C)
with x;(1) < n. By induction, G/K; possesses abelian m;-Hall subgroups with m; := {p € P : p >
Xi(1) +1} for i = 1,2. Because of m C 7;, there also exist m-Hall subgroups H;/K; of G/K; for i = 1,2
). If H; < G for some i, then by induction there exists a w-Hall subgroup H of H;.
For all p € w, we then have p{ |G/K; : H;/K;||H; : H| = |G : H;||H; : H| = |G : H|. We can therefore
assume H; = G for ¢ = 1, 2. In particular, G/K; is abelian. Because of K1 N Ky = Ker(x1) NKer(x2) =
Ker(x) =1, the map G — G/K1 x G/ K3, g — (9K1, gK>) is injective. In particular, G is also abelian
and the claim follows from .

Claim: G' = G.

Let G' < G. By there exists a normal subgroup N < G with |G : N| = p € P (since
G /G’ is abelian). By induction, N possesses a m-Hall subgroup H. In the case p ¢ m, H is also a m-Hall
subgroup of G. So let p € m. In the case H < G, HP is a w-Hall subgroup of G, where P € Syl (G).
So let H 4 G. Then there exists a Sylow subgroup @ of H with Q ¢ G (otherwise H, as a product
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of normal subgroups, would also be normal). Then @ is also a Sylow subgroup of N and the Frattini
argument shows G = N N¢(Q). Since H is abelian, H C Ng(Q) holds. Furthermore,

G Ne(Q)| = INNa(Q) : Na(Q)| = N : NN Ne(Q)| = N : Ny(Q)| | [N : HI.

In particular, the prime divisors of |G : Ng(Q)| do not lie in 7. Because Ng(Q) < G, Ng(Q) possesses
a m-Hall subgroup K. Obviously, K is then also a m-Hall subgroup of G and we are finished.

Claim: Z(Q) is a 7’-group.

Let Z < Z(G) with |Z| = p € 7. By [Theorem 2.14] Z C Z(x). Let A be a representation with
character x. For 1 # = € Z, we then have A(x) = A1, for a p-th root of unity A # 1. Because of p > n,
det(A(x)) = A" # 1. Thus det A # 1¢ in contradiction to G’ = G.

Now let H < G be a w-subgroup of maximal order.

Claim: gcd(|H|, |G : H|) = 1.

Let 1 # x € H be a p-element. Since Z(H) is a m-group, C' := Cg(z) < G holds. By induction, C
possesses a m-Hall subgroup K. Since H is abelian (see above), H C C holds and thus [H| < |K].
From the maximality of H, it follows that |H| = |K|. Let x € P € Syl,(G). Since P, as a 7-
subgroup, is abelian, P < C and p { |G : C| hold. On the other hand, p t |C : K| = |C : H| and
pt|G:C||C:H|=|G:H|.

We may assume that G possesses at least one m-element, i.e., H # 1 (otherwise G is a 7’-group and
the claim holds with H = 1). So let p be a prime divisor of |H|. We assume that H is not a 7-Hall
subgroup. Thus there exists a ¢ € 7 with ¢ | |G : H|.

Claim: G possesses no element of order pq.

Otherwise there exist z,y € G with |(z)| = p, |[(y)| = ¢ and y € Cg(z). By Sylow, we may assume
x € H. With the above notation, y € C, ¢ ’ |C| and therefore g ‘ |K| = |H|. This contradicts
ged(|HI, |G : H|) = 1.

By [Lemma 10.11} x is r-rational for an r € {p,¢}. [Lemma 10.13| now implies n = x(1) > r — 1 in

contradiction to r € 7. Ul
Theorem 10.17 (WIELANDT). For m C P, any two abelian m-Hall subgroups of G are conjugate.

Proof. Let A, B < G be abelian m-Hall subgroups. We argue by induction on |7|. In the case || <1,
the assertion follows from Sylow’s Theorem. Let |r| > 2. We write A = [[,c, Sp and B = [[ . Tp
with Sp, T}, € Syl,(G). Let q € m be fixed. By induction, there exists a g € G with

g( H Sp)glz H Tp.
qF#pET qF#pET

Replacing A by gAg™1, one can assume S, = T}, for all p # ¢. Obviously, then S, T} € Syly(NGa(IT,2per Sp))-

By Sylow, there exists an & € NG (]2, Sp) With hS,h~! =T,. Then

hAR™! = hsqh1h< 11 Sp> =1, [ S%=5 O

qF#peET q#pET
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Example 10.18. In general, two w-Hall subgroups of G are not conjugate. Let for example G :=
GL(3,2) and

= ((1) GL(*2,2)) <G, K= (GL(O272) 1() =G

Because |G| = 23-3-7 and |H| = |K| = 24, H and K are {2,3}-Hall subgroups of G. Suppose that
there exists a g € G with gHg™! = K. Let e; := (1,0,0) and g - e; = (o, 3,7) € F3. For all x € K, it
then follows that
w(a,B,7) =g (g xg)er =g e1 = (o, 8,7).
—_———
eH
with (§
Thus H

O

?) € K, it follows that 8 =+ = 0. From (g é §) € K, the contradiction a = 0 now follows.
nd K are not conjugate in G.

Q

Theorem 10.19 (BRAUER-BURNSIDE). Let 0 be a faithful character of G that takes exactly r distinct
values ay, . ..,ar. Then every irreducible character of G occurs among the irreducible constituents of
00 = 1G79’92,“"9r71'

Proof. Let x € Irr(G) be no irreducible constituent of 6°,6,...,6" 1 and let A; := {g € G : 0(g9) = a;}
for j=1,...,r. Then

T

0=|Gl(6°,x)a =D 0" (9x(g™) =D a; > xlg™")

QEG =1 gEA]-

for s = 0,...,7 — 1. Therefore (deAl x(g™h),..., > geA. x(g71)) is a solution of the homogeneous
system of equations with the coefficient matrix

1 1 1
ai a2 Qp
r—1 r—1 r—1

ay Qay a,

Matrices of this form (Vandermonde matrix) are known to be invertible. Consequently, de 4, (g~ =
0forj=1,...,r. Let j € {1,...,7} with 1 € A}, so a; = §(1). Since 6 is faithful, A; = {1}, and one
has the contradiction x(1) = 0. O

Example 10.20. For the regular character 6 of G, r = 2 holds in [Theorem 10.19| (if G # 1). Indeed,
we already know that every irreducible character occurs in § = "1,

11 The characters of S,, and A,

Remark 11.1.

(i) According to two elements in .S, are conjugate if and only if they have the same cycle
type. Consequently, one can identify the set of conjugacy classes with the partitions of n. Here,
a partition of n is a sequence of natural numbers A = (A1,..., Ag) with Ay > Ao > ... > A\ > 1
and A\ + ...+ A\ =n.

49



(ii) In the following, we will calculate the character table of S,, by also identifying the irreducible
characters with the partitions. According to this is an integer matrix.

Definition 11.2.

(i) Let A = (A1,...,Ax) be a partition of n. The Young diagram of X is an arrangement of n boxes
with \; boxes in the i-th row. By reflection across the diagonal, one obtains the conjugate Young
diagram with partition A = (A},...,A]) with X} := |{j : A\; > ¢}| for i« = 1,...,l. Certainly

N =X\ (cf. [Example 11.3)).

(ii) A Young tableau (of A) is a Young diagram (of A) filled with the numbers 1, ..., n, where in each
row the numbers are sorted in ascending order.

Example 11.3. Let A\ = (4,2,2,1) = (4,22,1) be a partition of 9. Then the Young diagram of ), a
Young tableau and the conjugate Young diagram are given by:

|

3]6]7] \
8
9

BEEE

Remark 11.4.

(i) We will often identify the Young tableaux Y of A = (A1,..., \;) with the set partitions ¥ =
(Y1,...,Y,) with YU...UY, = {1,...,n} and |Y;| = \; for i = 1,..., k. Obviously, S,, then
acts transitively on the set of Young tableaux of A via 9Y := (g(Y1),...,9(Yx)). Let ) be the
corresponding permutation character (see . The stabilizer of Y is given by the Young
subgroup

Sy = (Sn)y = Sym(Yl) X ... X Sym(Yk) = S/\1 X ... X S)\k-‘

According to[Exercise 29| | o)\ = 1?;; Let sgn be the alternating character of .S;, (see[Example 1.2)).
We set

Sn

Py i=sgn -\ = (sgng, 1sy)°" = (sgng,.)

(ii) Let Y’ = (YY{,...,Y/) be the Young tableau conjugate to Y (as a set partition). Then |YiﬂYj’\ <1
for all 4, j (intersection of row and column). This shows Sy N Sy’ = 1.

Example 11.5.
(i) For A = (n), Sy = Sy, ¢\ = 1g, and 1) = sgn.
(ii) For A = (17), Sy =1, and @y = 15" = (sgn;)" = 1y, is the regular character of S,,.

(iii) For A = (n — 1,1), the set of Young tableaux can be identified with {1,...,n}. Thus ¢, is the
natural permutation character of degree n ([Exercise 29)).

Theorem 11.6. For every partition X of n, (¢x,¥x)s, = 1. In particular, there is ezactly one common
wrreducible constituent xx of px and Y.
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Proof. Let Y be a Young tableau of A. According to Frobenius and Mackey,

Sn Sn — Sn
(ex,oa)s, = (Igy, (sgng,,)")s, = ((13))sy,58ns,,) sy,

S
= Z (]'S::ﬁgSyg*l’SgnSY/)SY’ = Z (1p,.senp,)p, (11.1)
Sy19Sy ESY/\STL/SY Sy19Sy GSyl\Sn/SY

with Dy := Sy N gSyg~! = Sy' N Sey. For g =1, we have D, = 1 and (1p,.senp,)p, = 1 according
to . We must show that all other summands in vanish. So let (1p,,sgnp )p, >0
for some g € S,,. Suppose two numbers a, b lie in the same row of 9Y and in the same column of Y.
Then the transposition (a,b) would be in Dy and 1p, # sgn Dy- Therefore, the numbers of a row of 9Y
are distributed over pairwise distinct columns of Y. In particular, there exists an h; € Sy such that
the first rows of 9 and MY coincide as sets. Analogously, there exists ho € Sy~ such that the first two
rows of 9Y and "2"MY coincide, and so on. Finally, there exists h € Sy with 9Y ="Y, i.e. h=1g € Sy.
This shows Sy ¢Sy = Sy'Sy and we are finished. O

Definition 11.7. Let < be the lexicographic order on the set of partitions of n, i.e.

A< n < dk X\ :,u,l,...,)\k,1 :,uk,l,)\k < W
Theorem 11.8 (FROBENIUS-YOUNG). For alln € N, Irr(Sy,) = {xn : A partition of n}.

Proof. It suffices to show that the x are pairwise distinct. Solet x» = x,, for partitions A = (A1,..., A)
and p = (p1,...,m) of n. By definition, (¢x,¥u)s, # 0. Let Y and Z be Young tableaux of X and
w, respectively. As in the proof of [Theorem 11.6] there exists a g € S,, with Sz N Ssy = 1. Replacing
Y by 9Y, one can assume g = 1. With Y = (V3,...,Y)) and Z’ = (Z],...,Z],), it thus holds that
1YiN Zj| < 1. We want to show A < . It holds that A\; = [Y1] < m = 1. Now assume that \; = p;
for j <. One can then distribute the first ¢ rows of Y exactly onto the first ¢ columns of Z’. Because
Yit1 C{1,....,n} =ZjU...UZ],, Z' thus has at least |Y;4+1| = A\i+1 rows with at least i + 1 boxes,
ie piv1 = {7 :1Z}| =i+ 1} > Ai1. This shows A < u. Because (¢, ¥x)s, # 0, analogously u < A
also holds and we are finished. O

Lemma 11.9. For a partition A\, p\ = Zu>>\ (x5 Xp) S X -

Proof. Let (¢x,Xu)s, # 0 for a partition p. Then also (¢y,,/)s, 7# 0 and as in the proof of
it follows that A < p. O

Lemma 11.10. Let A and p be partitions of n. For an element g € S, of cycle type p, ©x(g) is then
the number of possibilities to distribute the components of p into the components of \.

Example 11.11. Let A = (5,4) and p = (3,22,12). Then ¢)(g9) = 5, illustrated by colored Young
diagrams:

Proof of[Lemma 11.10, Let p = (p1,...,ux) and g = o1 ...0x with disjoint cycles o; of length p; for
i=1,...,k According to ©x(g) is the number of Young tableaux of A\ that remain fixed
by g. A Young tableau Y of A remains fixed under g if and only if for ¢ = 1, ..., k the non-trivial orbit

of o; lies in one Y;. For Y there are therefore exactly as many possibilities as there are possibilities to
distribute the p; into the Young diagram of A. O
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Remark 11.12. [Lemma 11.9 and [Lemma 11.10| allow to calculate Irr(S,) recursively. According to
xample 11.5] X(n) = ¢(n) = ls,. Let us assume that x,, is known for u > A. Since x) occurs only

once in @y, Xn = ©x — Z,u>>\ (©xs Xp)Sn Xu- According to it is also (o, X(n))s, = 1. In

particular, x(n-1,1) = ©(n-1,1) — 1s,-

Lemma 11.13. For every partition A of n, xn = sgn-x» holds.

Proof. According to [Exercise 6] sgn -y, is an irreducible constituent of sgn-py = ¥\ = ¥\» and of
sgn -y = py. O

Example 11.14. Let n = 5. The partitions of 5 in descending order are (5), (4,1), (3,2), (3,1%),
(22,1), (2,13), (1°). Because of [Lemma 11.13| we only need to calculate ¢y for three partitions:

g (%) (219 (241 (3,1 (3.2 (41) (5)
195 : Co.(g)] | 1 10 15 20 20 30 24
(,0(471) 5 3 1 2 . 1
©(32) 10 4 2 1 1

@(3’12) 20 6 2

The second row contains the lengths of the conjugacy classes and zeros are marked by dots. Now
X(5) = ls;. From it follows that x(41) = ¢@,1) — ls;. Furthermore (932, X(4,1))s; = 1
and X(3.2) = P@3,2) — 1S, = X(4,1)- Finally (90(3,12)7 X(3,2))S5 =1land (90(3,12)7 X(4,1))S'5 = 2. Thus X(3,12) =
©(3,12) — Lss — X(3.2) — 2X(4,1)-

S | (1°) (21%) (221 (31%) (3,2) (4.1) (5)
(5) 1 1 1 1 1 1 1
(4,1) | 4 1 -1 ~1
(3,2) | 5 1 1 ~1 1 -1

(3,12) | 6 . -2 : : . 1
(22,1) | 5 -1 1 -1 —1 1

(2,13) | 4 —2 . 1 1 . ~1
(1°) 1 —1 1 1 —1 -1 1

Remark 11.15.

(i) Let A be a partition of n with Young diagram Y. For a box b := (i,7) of Y, the hook H(b)
of b is the union of the boxes (i,j), (i,57 + 1), ... and the boxes (i + 1,7), (i +2,7), .... Let
h(b) := [H(b)| = \i + A} —i— j + 1. We can write the h(b) into the Young diagram, for example:

5[2]1]

’H(‘.O»Jkﬂ

The hook length formula holds:

n!
1) =
b box of Y

(without proof). For the above tableau, we obtain y (1) = 216.
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(ii) If one removes the hook H(b) from Y, one obtains the Young diagram of a partition A\ \ H(b)
of n — h(b). Furthermore, {(b) := X — i is called the leg length of b. Now let z € S, be of
type = (p1,..., ) and y € Sp_p, of type (@1, ..., flk—15 fkt1, - - - ). Then the Murnaghan-

Nakayama formula holds:
@)=Y )" namm )
b box of Y,
h(b)=p
(without proof). In the case yy = n, one considers X\ () as the trivial character on the trivial
group Sy = Sym(&). For ux = 1, one obtains the branching rule

NSumr = D XaHO)
b box of Y,
h(b)=1

(without proof).

(iii) In the following, we will construct Irr(A,,) from Irr(S,) and assume that Irr(S,,) is given. wlog. let
always n > 3.

(iv) Let 0 = (a1,...,am) € S, be a cycle of length m. Then o = (a1, a2)(ag,as)...(am—1,a,) and

sgn(o) = (=1)™"1. If g € S, is an arbitrary element of cycle type (\1,...,\), then sgn(g) =
(_1))\1+...+)\k—k — (_1)n—k'

Theorem 11.16. Let g € K € Cl(Ay) be an element of cycle type (A1,..., ;). K ¢ CI(S,) if and
only if the \; are odd and pairwise distinct. If applicable, VDK € Cl(A,) and K U2 K € CI(S,).

Proof. It holds that K € CI(S,) if and only if |A, : Ca,(g)] = |K| = |Sn : Cg,(g)|.- Because of
|Ap 1 Ca,(9)] = |An : A, N Cg, (9)] = |An Cs, (g9) : Cs,(g)| it follows that

K ¢ Cl(Sn) <= Cs,(9) € An.

Let g = o1...0% with disjoint cycles o; of length );. Assume first that one \; is even. Then o; €
Cs,(g) \ An. Thus we can assume that all \; are odd. Next, assume that the \; are not pair-
wise distinct, so wlog. A\; = Ao. We write 01 = (ai1,...,ay,) and o2 = (b1,...,by,). Then 7 :=
(a1,b1)(az,b2) ... (ax;,by,) ¢ Ap. Furthermore, 7017 = 09, 7097 = 01 and 70;7 = 0 for all i > 3. This
shows 7 € Cg,(g) \ An.

Conversely, let the \; be odd and pairwise distinct. We calculate |S,, : Cg, (g)| by counting the pos-
sibilities for g (i.e. the elements of cycle type (A1,...,Ax)). For the A\; elements of the cycle oy there

are ”7/'\1), possibilities. However, A1 possibilities each yield the same element. Thus there are per( n!

(n— n;)\l)!
possibilities for o1. Analogously, there are then % possibilities for oy etc. This shows

n!(’I’L—Al)!(’I’L—)\l—Ag)!...(n—)\l—...—)\k_l)! _ n!
Al...)\k(n—)\l)!(n—)\l—)\2)!...(71—)\1—...—)\]9)! N >\1)\k
=0
and |Cg,(g)] = A1...Ag. Obviously (o1)...{ox) € Cg,(g9) and |{o1)...(ok)| = [{o1)|...[{ok)| =
Al...Ag. Thus Cg, (9) = (01) ... (0k) C Ay. This proves the first statement.
Now let K ¢ CI(S,,). As usual, (LK € Cl(Ay). Let K C K € CI(S,,). Then certainly K UMK C K.

Conversely, for every h € K there exists an x € S,, with h = zgz~!. If € Ap, then h € K. Otherwise
(1,2)z € Ay and h = (1,2)((1,2)zgz~(1,2))(1,2) € (12) K. This shows K = K U LK, O

[1Sn : Cs,,(9)] =

93



Example 11.17. For n > 3 there is always a K € Cl(4,) with K ¢ CI1(S,,). For odd n one can choose
cycle type (n) in [Theorem 11.16|and for even n cycle type (n —1,1).

Theorem 11.18. Let x := ) € Irr(Sy,) for a partition A of n. In the case X # X, xa, € Irr(Ay,) and
in the case A =N, x4, =&\ + A2 e\ with & € Irr(4,) and £\ # (12, In this way, every irreducible
character of A, occurs.

Proof. Tt holds that
2
(X X)sn + (580 X)s, = — Z ) +sgn(9)x(9)” = — D x(9)® = (xans xan)
gE€Sn gEAR

In the case A # XN, sgn-x = x» # x and (x4, XA, )4, = 1, i.e. x4, € Irr(Ay).

Now let A = X. Then it follows that (x4, ,XxA4,)a, =2 and x4, is the sum of two distinct irreducible
characters of A,. From [Theorem 4.11|it thus follows that x4, = & + (12€, for some &y € Irr(A,,).

Finally, let £ € Irr(A,) be arbitrary. Then (xa,,&)a, = (x,£")s, # 0 for some x € Irr(S,). Thus &
arises in the manner described above. O

Remark 11.19. As usual, ((1,2)) acts on Irr(A4,) and on CI(A,). According to Brauer’s permutation
lemma, there are exactly as many pairs (12)¢y # &, € Irr(A,) as there are pairs 2K # K € Cl(A,).
This can also be seen through the following bijection:

b {partitions A= )\’} — {A = (A1,..., ) with \; odd and pairwise distinct},
— (201 — 1,2\ — 3,2)\3 — 5,.

Theorem 11.20. Let A = X be a partition of n. Then there exists exactly one partition p = (1, - . . , fk)
of n with xx(g) =1 (mod 2) for some g € Sy, of cycle type p. It holds that

%X/\(h) h does not have cycle type p,

Ex(h) = %X)\(h) + %\/(—1)%“1 ... g h is conjugate to g in Ay,

%X/\(h) — %\/(—l)nT_kul ..k hois conjugate to Mg in A,
for a suitable choice of £x. The map I': X\ — u is a bijection between the partitions X = N and the
partitions p with pairwise distinct odd parts.

Proof. We argue by induction on (n, A), where A is lexicographically ordered. wlog. let n > 4.

Case 1: A\ < ("7_1,1,...,1).

Let ®(\) = n = (n,...,m). Then n; < n and by induction the characters §; = {p-1(,,) € Trr(Ay,)
and & := {p-1(p,,.. ) € IiT(Apn—y, ) are known. Thus £ € Irr(Ay, x Ap—py). By means of A %’
Alt({m +1,m +2,...,n}) we can consider A, x A,_,, as a subgroup of A4,. We set

= (&1& - (1’2)5152)A"
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Let 6(h) # 0 for some h € A,.

Claim: h has cycle type 7.

Proof: There exists an z € A, with zha~! € A, x A,_,,. We write zha™! = (zha™ 1)1 (zha™1)y
with (zha™1), € A, and (zha™')y € A,_p,. If (zha™')1 is not an m-cycle, then by the induction
hypothesis & ((zhz™1);) = 12& ((zha~1)1) and 6(h) = 0. We can therefore assume that hy is an
m-cycle. Because 1 > n; for ¢ > 2, we have x € S,; x S,,—y,. Next, let us assume that hy does not
have cycle type (n2,...,m). In the case no = 1, it would follow that [ = 2 and he = 1, since the
n; are pairwise distinct. This contradiction shows 12 # 1 and n —n; > 2. Now (zha 1), also does
not have cycle type (n2,...,m) and it follows that & ((zha™1)e) = &(h) for all € Sy, x S,_y, . Let
¢:=(m+1,m +2). As z varies, (1,2)Cx also runs through the set A, N (S, X Sp—y, ). Here it holds
that

(1L 2)¢xha™"¢(1,2))1) — & ((Ceha™ 1) = D& ((zha™)1) — &a((wha™ ).
This yields the contradiction

oy = — 2L S (g (ha ) — g (wheY))) = 0.

’Anl HATZ—'TH ’ CEEAnﬂ(S’fll XS’”-—WI)

Claim: 0 = &, — 1YE, with &, € Irr(A,).
Proof: In the case no = 1 we have

Z E(zha™t) — 02¢ (zha™) = + (—l)nT_lm

|AT]1’ Z‘GA

according to the induction hypothesis. The sign depends here on the choice of the character & and

will be irrelevant in the following. Now let 7o > 1 and x2 := Xp-1(,....;) € Irr(Sp—p, ). The summands
in O(h) occur in pairs of the form

—1 1 1 n— (1— 1)
o/ (-1)" 771( Xalha) 24/ (1) =27 ..m>

(replace = by (1,2)Cx as above). Because |A, N (Sy, X Sp—p,)| = 2|Ay, ||An—y, |, it follows that

m—1, n-n—-l+1
\/(—1) = T n—t
O(h) =£2 5 ::I:\/(—l) TN

This shows 24, C (B
(9,9),4" = %nl"'nl :2.

Because 120 = —0, there exists a 5\ € Irr(A,) with 6 = §~>\ — (172)5\.

Claim: The statement holds.

Proof: Let ) := gf" € Irr(S,) (see [Theorem 4.13)). Let h € A, be of cycle type 1. Based on the

values calculated above for 6, it follows that

3Xa(h) h does not have cycle type 7,

&(h) = X (h) + %\/(—1)717_1771 ...m his conjugate to h in A,,

xXa(h) — %\/(—1)7174771 ...m his conjugate to M2k in A,
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for a suitable choice of a}}. By definition, Y vanishes on S, \ A,. If Xa(h) =1 (mod 2), then h € A,
and % Xx(h) is not an algebraic integer. Thus h must then have cycle type 7. Let us assume indirectly

that Ya(h) =0 (mod 2). Along with &,(h), then %\/(—1)n7_lm ...m is also an algebraic integer. Thus

n—I ]_ n—l1 1 n—1l
\/(—1)7771-.% : 5\/(—1)7771-.-771 =57 m. .y e Q\Z

would also be an algebraic integer. This contradiction shows that Y takes odd values for exactly one
conjugacy class of S,. For different A < ("= n=1l1,...,1), one obviously also obtains different x. Thus
the claim of the theorem holds for all characters of \S,, except (possibly) one.

Case 2: \ = (”_1,1,...,1).

Because ®()\) = (n), n is odd. We denote the “missing” character by X € Irr(S,). As usual, (Xr)a, =
f,\—i—(l 2¢, splits with N Irr(Ay). Let h € K € Cl(A,) be of cycle type n = (n1,...,m). If K € CI(S,),
then &y(h) = &((WDh) = 12g,(h) = 3Xx(h). According to |Theorem 11.16, we can therefore assume
that the n; are pairwise distinct and odd.

Case 2.1: 1 # (n).
Let 7 := ®1(n) # \. According to Case 1, it holds that

EMEDR) + E(DNE(R) = S5~ T .,
gT(h)~T(h) + gT((LQ)h)m = %%T(h)Q + %7]1 e mr.

Let a := & (h) and b := &, (42 R). Then a+b = Ya(h). According to the second orthogonality relation,

Z ¢(h)E(TDR) = % Z X(h)? + (Z X(;)2> o m .2..771 v abba— >?,\(2h)2

Eelrr(An) X€E€Irr(Sy), X€EIrr(Sy),
XAp€lrr(An) XAp ¢lrr(An)
1 1 - 1 9 - 1 9
= 5’05"(h)‘ =Gl + ab+ ba — 5)@(}@) =ab+ ba — §X>\(h)
and
_ 7y L 2 x(h)\  m-oom o Xa(h)?
Ca (h)] = smem =5 > )+ (35 ) + B v aa - oh— X
gelrr(An) x€Irr(Sn), X€EIrr(Sy),
XAn €lrr(An) XAy #lrr(An)
1

1 - 1.
= ~|Cs, ()| + =m ... + aa + bb — §XA( )? = |Ca, (h)| + a@ + bb — §Xx(h)2-

Equating gives ab + ba = a@ + bb and (a — b)(b — @) = 0. This shows a = b = 1Y\ (h).

Case 2.2: n = ®(N).
Then &, (h) = %5{7(’1) for all 7 # A according to Case 1. The second orthogonality relation yields

> Eme@n) = % > x(h*+ (Z X(2h)2>+ab+ ba — %A(Qhﬁ

Eelrr(An) x€EIrr(Sp), X€EIrr(Sy),
XAy €Irr(Ap) XA Elrr(Ap)

1 — 1_
= §n1n[+ab+ba—§X)\(h)2
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and

Cal= Y emEm=1 Y o (XM paa - B

2
gelr(An) X€E€Irr(Sn), xEIrr(Sh),
X An €Irr(Ap) XAn EIrr(Ap)

1 - 1.
= 5771 ...m +aa+ bb— EX)\(h)Z.

Thus 71 ...m = a(@—b) +b(b—a) = (a —b)(@—b). Let h:= (al,...,a} )(a?,...,a2)...(d,...,dal )

and
ni—1
2

_ 7 i
v =T 1T (@ an -
i=1 j=1

Then zhx™! = h~!. In the case n — [ = 0 (mod 4), sgn(z) = (_1)n12—1+__+m;1 = (—1)n7_l = 1. Then
h and h~! are conjugate in A, and a,b € R (cf. . It follows that a —b = 4, /m1. .7 and
a = 3x%\(h) + 5/m . Finally, let n — [ = 2 (mod 4). Here sgn(z) = —1. If there were a y € A,
with yhy=™! = h™!, then x € #Cg,(h) = yCg,(h) C A, (see proof of [Theorem 11.16). Thus h and
h~! are not conjugate in A, and b =a. Thus a — @ = /=7 ...7; and a = %)Z,\(h) + %m for
a suitable choice of E ». For a fixed he A, of cycle type 7, it therefore holds that

%%\(h) h does not have cycle type 7,

g}(h) = %)?A(h) + %\/(—1)n7_ln1 ...m his conjugate to h in Ay,

%5{,\(}1) — %\/(—1)7174771 ...m h is conjugate to L2h in A,.
Together with Case 1, it also follows that I' is a bijection. O

Example 11.21. For n = 5 one obtains from [Example 11.14|the character table of A5 (cf. |[Exercise 8|):

A5 (1% (221 (31%) (G (5)
(5) 1 1 1 1 1
4,1) | 4 1 1 -1

3,2) | 5 1 ~1
3,12 3 -1 Lo 15
(3’ 12)2 3 -1 1—2\/5 1+2\/5

Remark 11.22. Let A = X with Young diagram Y and ®(\) = p = (u1,...,ux). Let € S, be of
cycle type p and let y € S,,—,, be of cycle type (uo, ..., pxr). We show xx(z) = (—1)%]6 by induction
on k. According to the Murnaghan-Nakayama formula, it holds that

@)= Y D% @) = D" xanman @) = (-1)
b box of Y,
h(b)=p1

p1—1

2 XH(1,1) (Y)-

In the case k = 1, we have xy\g,1)(y) = 1 = p1 and xa(z) = (—1)nT_1. Now let k& > 2 and the
statement be already proven for £ — 1. Then

p1—1 M1—1+n—#1—k+1 n—k
2

xa(x) = (1) 2 xanm)(y) = (=1) 2

In particular, () is odd and in|Theorem 11.20| we have I' = ®. The characters X constructed in the
proof thus coincide with x. Furthermore, one thus knows the only non-integer values in the character
table of A, explicitly.
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12 Exercises

Exercise 1 (2 points). Determine the irreducible representations of a finite cyclic group.

Exercise 2 (242+2 points). Let G be a finite group and V' a C-vector space with basis {v, : g € G}.
For g € G let A(g) be the linear map on V' that maps vy, to vy, for h € G.

(i) Show that A: G — GL(V) is a faithful representation of G.
(ii) Calculate the character of A.
(iii) Show that A is not irreducible for G' # 1.

(One calls A the regular representation of G.)
Exercise 3 (2+2+2+2+2+2 points). Let n > 3 and

(5 2)

with ¢ := e2™/". One calls Dy, := (0, 7) dihedral group.
(i) Show: |Da,| = 2n.

(o)

(ii) Show that an irreducible character x of Da, with x(c) =1 and x(7) = —1 exists.

(iii) Show that for even n, irreducible characters x and ¢ of D, with x(¢) = (o) = —1 and
X(1T) = —¢(1) = 1 exist.
(iv) Show that Do, possesses a representation A, with A, (o) =o" and A,(7) = 7 for r € Z.

(v) Show that A, is irreducible for r =1,...,(n—1)/2 (resp. r =1,...,(n—2)/2) if n is odd (resp.
even).

(vi) Determine a system of representatives for the similarity classes of irreducible representations of
Doy,

Exercise 4 (2 points). Let A be a matrix representation of a finite group G, and let g € G. Show
that A(g) is diagonalizable.
Hint: One can use the Jordan normal form or [I’heorem 1.10] of the lecture.

Exercise 5 (2+2+2 points). Let A be a matrix representation of G with character .

(i) Show that A with A(g) := A(g) for g € G is also a matrix representation of G. Here A(g) is the
complex conjugate of A(g).
(ii) A is irreducible if and only if A is irreducible.

(iii) A has character Y with X(g) := x(g9) = x(¢~!) for g € G.
Hint: One can use [Exercise 41

Exercise 6 (2 points). Let x, % € Irr(G) with x(1) = 1. Show: x¢ € Irr(G).
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Exercise 7 (242+2+2 points). Let G, H be finite, abelian groups. Show:

(1) G = Irr(G) is an abelian group with respect to multiplication. (One calls G character group of

G)

(i) G=G
Hint: Think of the bidual space. Do not use (iv).

—

x H
G.

112

(i) G GxH.
(iv) G

~

Exercise 8 (2 points). Determine the character table of As.

Exercise 9 (2+2+2 points). Show:
(i) For characters y, of G, the following holds: Ker(x + v) = Ker(y) N Ker(v)).

(ii) Every normal subgroup of G is the kernel of a character.

(iii) meIrr(G) Ker(x) = 1.
Exercise 10 (2 points). Find a monic, integral polynomial with root v/2 4+ /3.

Exercise 11 (2 points). Let N < G and x € Irr(G). Show that (xn)® = xp holds, where p is the
inflation of the regular character of G/N.

Exercise 12 (3 points). Let A be an abelian subgroup of G, and let x € Irr(G). Show: x(1) < |G : A|.

Exercise 13 (3 points). Calculate the eigenvalues of a permutation matrix. (A permutation matrix
contains exactly one 1 in each row and each column and zeros otherwise.)

Exercise 14 (3 points). Let H < G and A be a representation of H with character x. Let t1,...,tm
be a transversal for the left cosets of H in G. For g € G, let A(g) := A(g) if g € H and 0 € zx()>x(1)
otherwise. For g € GG, we define the block matrix

Altrlgt) - At gtm)

A%(g) = : :
Alty'gt) .. Alty gtm)

Show that A® is a representation of G' with character x©.

Exercise 15 (3 points). Let K be a finite field with |K| > 2. Fora € K* and b € K, let f, : K = K,
x — ax + b. Show that
AfF(1,K) :=={fap:a€ K*,be K} < Sym(K)

is a Frobenius group.
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Exercise 16 (2 points). Let G be a Frobenius group with Frobenius complement H. Show: ged(|H|, |G :
H|) =1 (i.e. H is a Hall subgroup of G).

Exercise 17 (4 points). Show that subgroups and factor groups of p-elementary (resp. p-quasielementary)
groups are again p-elementary (resp. p-quasielementary).

Exercise 18 (2 points). Let P be a finite p-group. Show that P possesses a faithful, irreducible
character if and only if Z(P) is cyclic.

Exercise 19 (3 points). Let G = (g) = C5 and A: G — GL(2,Q) with A(g) = (7' 3'). Show that A

is an irreducible Q-representation. Also show that A considered as a (C-)representation is reducible.

Exercise 20 (2-+2+2 points). Let G := SL(2, 3). Show:
(i) |G| = 24.

(il) G/ Z(G) = Ay.
Hint: Consider the action of G on the set of one-dimensional subspaces of }Fg

(iii) G is not an M-group. (Thus, not every solvable group is an M-group.)

Exercise 21 (3 points). Let G be a group of odd order. Show: k(G) = |G| (mod 16).
Hint: Consider ¥ = x € Irr(G).

Exercise 22 (3 points). Construct irreducible characters with Frobenius-Schur indicator 0, 1 and —1.

Exercise 23 (10 points). Decide which of the following group properties can be determined from the
character table of G:

(i) Icl,
(ii) commutativity,
(iii) the lengths of the conjugacy classes,
(iv
(v

)
)
) simplicity,
)
(vi) isomorphism type of G/G’,
)
)
)
)

normal subgroups and their order,
(vii) isomorphism type of Z(G),
(viii) solvability,
(ix
(x

isomorphism type (of G),

derived length, i.e. min{n € N: G =1},
Hint: Use Google[]

3For writing final theses, researching must also be practiced :-)
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Bonus: nilpotency, nilpotency class, F(G) (Fitting group), ®(G) (Frattini group), ... (as far as terms
are known).

Exercise 24 (5 points). Given is the character table of G:

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 -1 1 1 1 -1 1 1 1 -1 1 1 1 -1 1 1

1 -1 1 1 3 -8 B B B -8B B B 1 -1 1 1

1 -1 1 1 B - B B B - B 1 -1 1 1

1 1 1 g B B B B B BB 1T 1 1 1

r1r 1 1r B B BB B B B 1T 1 1 1

2 a o 2 a o 2 a o 2 o o
2 o a2 o o 2 o o 2 o«

2 a o 2B v oy 28 ~omv 2 a o
2 a o 28 v 5 28 vy oy 2 a o
2 o a 28 v v 28 5y 4 2 o«

2 . od a 28 ¥ 4 28 vy v 2 . d o«

3 -3 3 3 -1 1 -1 -1
3 3 3 3 -1 -1 -1 -1
6 3a 3o/ -2 —a —d
6 3o 3a -2 "

with
0 I S s N e
' ’ 2 ’ 2 ’
8= -1 ‘;\/gl’ = 215y Bmi/15. o = MAT/15 | —4mi/15

Determine as many properties of G' as possible.
Exercise 25 (2 points). Show that a simple group has no irreducible character of degree 2.

Exercise 26 (2 points). Let G be a simple group with an involution z, such that Cg(x) is cyclic.
Determine G.

Exercise 27 (2+2 points). Let n € N. Show:
(i) Two elements in S,, are conjugate if and only if they have the same cycle type.

(ii) The character table of S, is integer-valued.
Hint: Use Galois theory.

Exercise 28 (2 points). Let G = G’ < GL(2,C) and A # 1 be an abelian normal subgroup of G.
Show A = Z(G) = Cs.

Exercise 29 (2+2+2+2+2+42+2 points). Let f : G — Sym(f2) be a group action on a finite, non-

empty set €. Show:

(i) It holds that Sym(2) = S|q|. In the following, we can therefore assume Q = {1,...,n}.
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(ii) The map F : Sym(Q) — GL(n,C), @ = (Jix(j))i j=1 i a monomorphism. In particular, A :=
Fo f:G— GL(n,C) is a representation of G. (One calls A a permutation representation.)

(i) For the character x of A, it holds that x(g) == [{w € Q : 9w = w}| for g € G. (One calls x a
permutation character.)

(iv) Let wi,...,wn, be a system of representatives for the orbits of f. Then

m
x=2 16,
i=1

where G, := {g € G : 9w = w} is the stabilizer of w € Q in G.
(v) It holds that m = (1g, x)g- In particular, y — 1 is a character of G if |Q| > 1.
(vi) If Hy,..., Hy are arbitrary subgroups of G, then

k
G
Z La,
i=1

is also a permutation character of G.

(vii) The set of permutation characters of G is closed under addition and multiplication.

Exercise 30 (2 points). Let n € N. Show that GL(n,C) has a subgroup that is isomorphic to Sp41.
Hint: One can use [Exercise 291

Appendix: Character Tables

The character tables of S3,.S4, S5 and As, A4, As have already been calculated.

Se [ (1% (21Y (2212 (2% (3,1%) (3,21) (3) (4,1 (4,2) (51) (6)
(6) 1 1 1 1 1 1 1 1 1 1 1
(5,1) | 5 3 1 -1 2 : -1 1 ~1 -1
(4,2) | 9 3 1 3 : . . —1 1 -1 .
(4,12) | 10 2 -2 =2 1 -1 1 : . . 1
(3%) 5 1 1 -3 -1 1 2 -1 -1
(3,2,1) | 16 : -2 -2 1
(3,13) | 10 -2 -2 2 1 1 1 -1
(23) 5 -1 1 3 -1 -1 2 1 -1
(22,12) | 9 -3 1 -3 1 1 -1
(2,14 | 5 -3 1 1 | —1 1
(16) 1 -1 1 -1 1 -1 1 -1 1 1 -1

A6 (16) (227 12) (3a 13) (32) (43 2) (57 1)1 (5> 1)2

(6) 1 1 1 1 1 1 1

(5,1) 5 1 2 -1 -1

(4,2) 9 1 : 1 —-1 -1

(4,1%2) | 10 -2 1 1

(32) 5 1 -1 -1 .

(3,2,1)2| 8 -1 -1 V6 1iY5

(3,2,1);| 8 -1 -1 L5 15
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Sr (17 (2,1°) (22,1%) (2°,1) (3,1%) (3,2,1%) (3,2%) (3%,1) (4,1%) (4,2,1) (4,3) (5,1%) (5,2) (6, 1) (7)
(M [ 1 1 1 i 1 1 1 1 1 1 1 1 I 1 1
6,1) | 6 4 2 : 3 1 -1 . 2 .o -1 1 -1 . -1
(5,2) |14 6 2 2 2 : 2 -1 . : .oo—-1 1 -1 .
(5,1%) |15 5 -1 -3 3 -1 -1 . 1 -1 1 : : o1
(4,3) |14 4 2 .1 1 -1 2 =2 : 1 -1 -1 .
(4,2,1)[35 5 —1 1 -1 -1 -1 -1 -1 -1 . A
(4,13) |20 . —4 . 2 . 2 2 . : : : : .o—1
(3%4,1) |21 1 1 -3 -3 1 1 : -1 -1 -1 1 1
(3,2%) |21 -1 1 3 -3 -1 1 . 1 -1 1 -1 .
(3,2,1%)}35 -5 -1 -1 -1 1 -1 -1 1 1 1 : B
(3,1 115 -5 -1 3 3 1 -1 : -1 -1 -1 . : o1
(23,1) |14 —4 2 . -1 -1 -1 2 2 : -1 -1 1
(22,13)| 14 -6 2 -2 2 : 2 -1 . : .o =-1 -1 1 .
(2,15 | 6 —4 2 : 3 -1 -1 . =2 : 1 1 . -1
1 |1 -1 1 -1 1 -1 1 1 -1 1 -1 1 -1 -1 1
A (7 (2%1°) (3,1Y) (3.2 (3%1) (4,21 (51%) (T (7)2
(7) 1 1 1 1 1 1 1 1 1
(6,1) | 6 2 3 -1 : : 1 —1 ~1
(5,2) | 14 2 2 2 -1 . -1 : :
(5,1%) | 15 -1 3 -1 : —1 : 1 1
(4,3) | 14 2 —1 -1 2 : ~1
(4,2,1) | 35 -1 ~1 -1 ~1 1 : : :
(4,13, | 10 -2 1 1 1 : I
(4,13, | 10 -2 1 1 1 : . HT T
(32,1) | 21 1 -3 1 : -1 1
As |(18) (22,1%) (2%) (3,1°) (3,22,1) (3%,12) (4,2,12) (4?) (5,13) (6,2)  (5,3)1 (5,3)2 (7,1)1 (7,1)2
(8 1 1 1 1 1 1 I 1 1 1 1 1 1
(1) |7 3 -1 4 1 1 -1 2 —1 -1 -1
6,2) [20 4 4 5 1 -1 1 -1 -1
(6,12) {21 1 -3 6 -2 -1 1 1 1 1
(5,3) |28 4 -4 1 1 1 i 1 1 -1
(5, 2,1) 64 . .4 -2 —1 -1 -1 1 1
(5,1%) {35 -5 3 5 1 2 -1 -1 . ) )
(2) 4 2 6 -1 -1 2 . 2 -1 —1 -1 .
(4,3,1) |70 2 -2 -5 -1 1 =2 : . 1
(4,2%) |56 . 8 —4 . -1 . . 1 1 1 -1 : .
(4,2,12),/45 -3 -3 1 =L/T oLyt
(4,2,1%)2/ 45 -3 -3 . : : 1. : : Loy YT
(3%2), 21 1 -3 -3 1 : -1 1 1 =lbysIs olyels
(3%,2)2 21 1 -3 -3 1 : -1 1 1 B oyEl

Let ¢ be a prime power, z,y € F) and z € Fp2 \F,. Every element in GL(2, ¢) is conjugate to one of the
following matrices: a, := diag(z, x), by 1= (g 31:), ey = diag(z,y) with z # y and d, with eigenvalues
z,2%. Here ¢z 4y ~ ¢y, and d, ~ dq hold. In particular,

(¢g—1)(¢—2) N q(qg—1)

2
=q° -1
2 2 1

2q -2+

is the number of conjugacy classes of GL(2,¢). Let o, 8 € Irr(F,) and v € Irr(Fj2) with o # 3 and
~? # ~. The character table of GL(2,q) is
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# g—1 q—1 (q—1)(g—2)/2 q(q—1)/2
gl 1 ¢ —1 @ +q 7 —q
GL(2,q) # Qg by Coy d,
Xa qg—1 a(x)? a(z)? a(r)a(y) a(z7t)
Va q—1 go(z)? 0 a(r)a(y) —a(z011)
Pas  (@—1)(g—2)/2 | (g +Da(x)b(x) alz)B(z) az)b(y)+aly)d(z) 0
Ty q(q—1)/2 (g —1)y(z) —() 0 —(2) —v(2)?

It holds that |SL(2,q)| = (¢ — 1)q(q + 1). There exist cyclic subgroups X,Y < G of order ¢ — 1 and
q + 1 respectively with X NY = Z = (—19) = Z(G). Let Xp := X \ Z and Yy := Y \ Z. The p-Sylow
subgroups are elementary abelian of order ¢.

First let ¢ = p™ be odd. Up to conjugation there are two elements a, b of order p. Let «, g € Trr(X) \
{1x} and 8,50 € Irr(Y) \ {1y} with a? # o = 1 = 32 # 3%. The character tables are:

e ¢=1 (mod 4):

g 1 -1 x € Xo yEY +a +b
[Calg) 1 ! @ +a @ —q
1g 1 1 1 1 1 1
p q q 1 -1 0 0
m % (1J2r71 aO(x) 0 1+2\/6 1—2\/§
S o () 0 S
72 % *q;gl 0 —Bo(y) ﬂ;ﬁ ﬂ;ﬁ
oo G - 0 —holy)  FpA IS
Xo q¢+1 a(=1)(g+1) az)+a(x)? 0 a(xl)  a(1)
b q-1 B(-1)(g-1) 0 —Bly) - Bly)t —B(L) —B(+1)
e ¢=—1 (mod 4):
g 1 -1 z € Xo yEY +a +b
Calg)l 1 1 @ +q @ —q
1g 1 1 1 1 1 1
p q q 1 -1 0 0
S " 0 (z) 0 ENE Eym
mooogt gt () 0 S el
72 1 1 0 —Bo(y) 71+2\/jq 7172\/:1
w5 0 ) S
Xo q¢+1 a(-1)(g+1) az)+a(x)™? 0 a(xl)  a(1)
v q—1 B(=1)(g—-1) 0 —B(y) = By)~" —B(X1) —B(£1)
e p = 2: Here Z =1 and up to conjugation there is only one element a of order 2.
g 1 a x € Xy y €Yy
[Calg)]l 1 q g—1 q+1

1o 1 1 1 1

p q 0 1 -1

Xa ¢+l 1 a@)+al@)™ 0

s q—1 -1 0 —B(y) — By)~
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Here xo = Xx@ and ¥g = @Z}B hold.
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Index

Symbols
1A]], (43]
v)e, [T
1Ga @
O‘A,
“x, B
CF(G),
Cel(9),
Cl(G),
Cyn,[12
Aol @
AH7@
AT,

G,

G i
gw’@
9,19
H\G/K, 6]
Irr(G),El
I1r1"(G|<,0)7
k(G),
Ker(x),
N,
NG(H)7
Vn(X)s
w)é(c ’

9%, 118
@Ha@
Qn, 9]

algebraic integer,

Artin, 29]

B
Blichfeldt, [A7]
branching rule,
Brauer, [30] [42]
Brauer’s Induction Theorem, 2§
Brauer-Burnside, [49]
Brauer-Dade,
Brauer-Fowler,
Brauer-Suzuki, [39]
Brauer’s Permutation Lemma, 23]

Burnside, [I7} 42]

Burnside algorithm,
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Burnside’s transfer theorem, [40]

C
centralizer, [7]
character, [6]
algebraically conjugate,
center, [T4]
conjugate, 20]
degree, [0]
faithful, [6]
generalized,
irreducible, [6]
linear, [0]
p-rational, [40]
trivial, [6]
virtual,
character group,
character table, [T]]
A47 @
A57 @
abelian group,
02 X CQ,
Ch,
D2na @
543 @
S5, B2

class function, [7]
class multiplication constant, [9]
Clifford correspondence, [20]
commutator, [IZ]
conjugacy class, [7]
constituent
irreducible,
multiplicity,

D

Dade, 39|

deflation, [4]

A-invariant, [5]

derived subgroup,

dihedral group,
Dixon-Schneider algorithm, [T5]
double cosets, 26]

E
exponent, [30]

F

Focal Subgroup Theorem,
Frattini argument, [47]
Frobenius, [24] 35 1]
Frobenius complement, [23]
Frobenius group, 23]
Frobenius kernel,



Frobenius reciprocity, [I§] reducible, [5]

Frobenius-Young, [51] regular, [58|
Frobenius-Schur indicator, similar, [4]
trivial, [4]
G
Gallagher, S
group action, [23] Schur relations, [7]
Schur’s Lemma, [6]
H Solomon, [27]
Hall subgroup,
hook, 52| T
hook length formula, 52| Taketa,
; Taunt, 22]
induction, U
inertia group, [I9] unitary group, @
inflation, [4]
involution, [34] w
Tto, 2] Wielandt,
J Y
Jordan, [44] Young diagram,
conjugate, [50]
K Young subgroup,
K -representation, 29 Young tableau, [50]
Kronecker product,
M
Mackey, [26]
Maschke, [5]

matrix representation, [3]
trivial,
M-group,
monomial,
Murnaghan-Nakayama formula, [53]

N
normal complement, 23]
normalizer, [I9]

(0]
orthogonality relation

first,
second, [9]

P
partition, [A9]

p-factor, [36]
m-element, [36]

m-factor,
m-group, [36]

R
ramification index,
representation, [3]
degree, [3]
faithful, []
irreducible,
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