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Warning: This is an AI-translated version of my German lectures notes, performed by Gemini 3 Flash
Preview. I have not checked whether Gemini introduced errors. Use with care!

Preface

The present notes are based on lectures in the winter semester 2013/14 and in the summer semester
2018 at the Friedrich Schiller University in Jena. These were 3 + 1 lectures for the Master’s program
in mathematics. My goal was to prove the main theorems of the character theory of finite groups as
quickly and elementarily as possible. Only prior knowledge of Algebra 1 was required from the audience
(elementary group theory and some Galois theory). I have consistently avoided the terms “module” and
“group algebra” (usually components of an Algebra 2 lecture). I would like to thank René Reichenbach
and Sebastian Uschmann for numerous error reports and suggestions for improvement.

The following sources form the basis of the notes (in descending priority):

• Külshammer, Skript zur Darstellungstheorie

• Isaacs, Character theory of finite groups, AMS Chelsea Publishing, Providence, RI, 2006

• Huppert, Character theory of finite groups, Expositions in Mathematics, Vol. 25, Walter de
Gruyter GmbH & Co., Berlin, 1998

• Berkovich and Zhmud, Characters of finite groups. Part 1, Translations of Mathematical Mono-
graphs, Vol. 172, American Mathematical Society, Providence, RI, 1998.

• Huppert, Endliche Gruppen I, Die Grundlehren der Mathematischen Wissenschaften, Band 134,
Springer-Verlag, Berlin, 1967

• Isaacs, Finite group theory, Graduate Studies in Mathematics, Vol. 92, American Mathematical
Society, Providence, RI, 2008

• Berkovich, Groups of prime power order 1, Expositions in Mathematics, Vol. 46, Walter de
Gruyter GmbH & Co. KG, Berlin, 2008

• Tao, Hilbert’s fifth problem and related topics, https://terrytao.wordpress.com/2011/08/27/254a-
notes-0-hilberts-fifth-problem-and-related-topics

• Grove, Groups and characters, Pure and Applied Mathematics, John Wiley & Sons Inc., New
York, 1997

• Fulton and Harris, Representation theory, Graduate Texts in Mathematics, Vol. 129, Springer-
Verlag, New York, 1991

1 Representations and Characters

Let G always be a finite group.

Definition 1.1. Let V ̸= 0 be a finite-dimensional complex vector space. A representation of G is a
homomorphism ∆: G → GL(V ). The degree of the representation is n := dimV . By choosing a basis
of V , one obtains a corresponding matrix representation ∆′ : G→ GL(n,C).
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Example 1.2.

(i) The trivial (matrix) representation 1G : G→ GL(1,C) = C× is given by g 7→ 1 for g ∈ G.

(ii) For n ∈ N, the map sgn : Sn → C×, g 7→ sgn(g) is a representation of degree 1.

(iii) For two representations ∆: G→ GL(V ) and Γ: G→ GL(W ), the map ∆⊕Γ: G→ GL(V ×W )
is also a representation. Here, ((∆⊕ Γ)(g))(v, w) := ((∆(g))(v), (Γ(g))(w)) for g ∈ G, v ∈ V and
w ∈W .

(iv) If ∆: G→ GL(V ) is a representation and H ≤ G, then one obtains by restriction a representation
∆H : H → GL(V ), h 7→ ∆(h).

(v) IfN⊴G and ∆: G/N → GL(V ) is a representation, then one obtains by inflation a representation
G→ GL(V ), g 7→ ∆(gN) on G. We will often denote this also by ∆.

(vi) If ∆: G→ GL(V ) is a representation and N⊴G with N ⊆ Ker(∆), then one obtains by deflation
a well-defined representation ∆̂ : G/N → GL(V ), gN 7→ ∆(g). In particular, ∆̂ : G/Ker(∆) →
GL(V ) is a faithful representation, i. e. ∆̂ is injective.

(vii) Inflation and deflation are obviously inverse to each other.

Definition 1.3. Two representations ∆: G → GL(V ) and Γ: G → GL(W ) are called similar , if an
isomorphism f : V → W with f ◦ ∆(g) = Γ(g) ◦ f exists for all g ∈ G. If applicable, the following
diagram is thus commutative:

V V

W W

∆(g)

Γ(g)

f f

Accordingly, two matrix representations ∆: G→ GL(n,C) and Γ: G→ GL(m,C) are similar if n = m
and there exists an A ∈ GL(n,C) with A∆(g) = Γ(g)A for all g ∈ G.

Remark 1.4.

(i) Similar representations have the same degree.

(ii) Similarity is an equivalence relation.

(iii) One is usually only interested in representations up to similarity (just as for groups up to iso-
morphism).

(iv) In linear algebra, it is shown that two square matrices A,B describe the same map if and only if
there exists an invertible matrix T with AT = TB. Thus, two matrix representations Γ1 and Γ2

that correspond to a fixed representation ∆ of G are always similar.

(v) The similarity classes of representations and matrix representations obviously correspond to each
other. We will therefore often identify representations with their corresponding matrix represen-
tations in the following.
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Definition 1.5. Let ∆: G→ GL(V ) be a representation. A subspace U ≤ V is called ∆-invariant , if
(∆(g))(u) ∈ U holds for all g ∈ G and u ∈ U . If applicable, ∆′ : G → GL(U), g 7→ ∆(g)|U is also a
representation. If 0 and V are the only ∆-invariant subspaces, then ∆ is irreducible. Otherwise, ∆ is
reducible.

Example 1.6.

(i) Representations of degree 1 are obviously irreducible.

(ii) Inflation and deflation of irreducible representations are again irreducible (the images do not
change).

Theorem 1.7 (Maschke). Let ∆: G→ GL(V ) be a representation and U ≤ V be ∆-invariant. Then
U possesses a ∆-invariant complement W ≤ V , i. e. V = U ⊕W .

Proof. We first choose an arbitrary subspace X of V with V = U ⊕X (linear algebra) and denote by
h : V → V the corresponding projection onto U . Then we set

g :=
1

|G|
∑
x∈G

∆(x−1) ◦ h ◦∆(x)

and W := Ker(g). For u ∈ U we thus have

g(u) =
1

|G|
∑
x∈G

(∆(x−1) ◦ h ◦∆(x))(u) =
1

|G|
∑
x∈G

(∆(x−1) ◦∆(x))︸ ︷︷ ︸
=∆(x−1x)=∆(1)=idV

(u) = u.

In particular, U ∩W = 0. For v ∈ V we have g(v) ∈ U , so

g(v − g(v)) = g(v)− g(g(v)) = g(v)− g(v) = 0,

i. e. v − g(v) ∈ W and v = g(v) + (v − g(v)) ∈ U +W . Consequently, V = U ⊕W . For w ∈ W and
y ∈ G we have

(g ◦∆(y))(w) =

(
1

|G|
∑
x∈G

∆(x−1) ◦ h ◦∆(xy)

)
(w)

=

(
∆(y) ◦

(
1

|G|
∑
x∈G

∆(y−1x−1) ◦ h ◦∆(xy)

)
︸ ︷︷ ︸

=g

)
(w)

= (∆(y) ◦ g)(w) = (∆(y))(0) = 0,

thus (∆(y))(w) ∈ Ker(g) =W . Consequently, W is ∆-invariant.

Remark 1.8. Let ∆ be a representation on V , and let V = U ⊕W be a ∆-invariant decomposition.
This yields subrepresentations ΓU : G → GL(U), g 7→ ∆(g)|U and ΓW : G → GL(W ), g 7→ ∆(g)|W .
By choosing a suitable basis of V , ∆ then has the form

∆(g) =

(
ΓU (g) 0

0 ΓW (g)

)
for all g ∈ G. Thus ∆ = ΓU ⊕ ΓW . Every representation can therefore be written as a direct sum of
irreducible representations.
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Lemma 1.9 (Schur’s Lemma). Let ∆: G → GL(n,C), Γ: G → GL(m,C) be irreducible matrix
representations and 0 ̸= A ∈ Cn×m with AΓ(g) = ∆(g)A for all g ∈ G. Then n = m and A is
invertible (in particular, ∆ and Γ are similar). In the case ∆ = Γ, A = λ1n holds for some λ ∈ C×.

Proof. For g ∈ G and v ∈ Ker(A), we have

(A∆(g))v = (Γ(g)A)v = 0,

so (∆(g))v ∈ Ker(A). Therefore Ker(A) is a ∆-invariant subspace of Cm. Analogously, Im(A) is a
Γ-invariant subspace of Cn. Thus Ker(A) = 0 and Im(A) = Cn due to the irreducibility of ∆ and
Γ. Consequently, A is invertible and n = m. Now let ∆ = Γ. Let λ be an eigenvalue of A. Then
(A− λ1n)Γ(g) = ∆(g)(A− λ1n) also holds for all g ∈ G. Since A− λ1n is not invertible, A− λ1n = 0
follows from the first part of the proof.

Theorem 1.10. Every irreducible representation of an abelian group has degree 1.

Proof. Let G be abelian and ∆: G → GL(n,C) an irreducible matrix representation of G. Let g ∈ G
be fixed. For all h ∈ G, it then holds that ∆(g)∆(h) = ∆(gh) = ∆(hg) = ∆(h)∆(g). According to
Schur’s Lemma, ∆(g) = λg1n for some λg ∈ C. In particular, C(1, 0, . . . , 0) is a ∆-invariant subspace
of Cn. Since ∆ is irreducible, n = 1 follows.

Definition 1.11. Let ∆: G → GL(n,C) be a matrix representation. The map χ : G → C, g 7→
Trace∆(g) is called the character of ∆ (and of G). Here, χ(1) = Trace∆(1) = Trace 1n = n is the
degree of χ (and of ∆). If ∆ is irreducible (faithful, . . . ), then χ is also called irreducible (faithful , . . . ).
We denote the set of irreducible characters of G by Irr(G).

Lemma 1.12. Similar matrix representations have the same character.

Proof. Let ∆: G → GL(n,C) and Γ: G → GL(n,C) be similar matrix representations. Then there
exists an A ∈ GL(n,C) with ∆(g)A = AΓ(g) for all g ∈ G. From linear algebra it is known that for
square matrices M1,M2 of the same dimension: Trace(M1M2) = Trace(M2M1). Thus Trace∆(g) =
Trace((AΓ(g))A−1) = Trace(A−1(AΓ(g))) = Trace Γ(g) for all g ∈ G.

Remark 1.13.

(i) If ∆: G→ GL(V ) is a representation, one can assign a character to ∆ by choosing a corresponding
matrix representation. Because of Lemma 1.12, this does not depend on the choice of the basis
of V .

(ii) Characters are the “shadows” of representations, i.e., on the one hand, information is lost by
replacing the n2 entries of a matrix with a single value, but on the other hand, enough information
remains to read off properties of the group.

(iii) Obviously, representations of degree 1 coincide with their character. These characters are called
linear. In particular, there is the trivial character 1G : G→ C with 1G(g) = 1 for g ∈ G.

(iv) If ∆ and Γ are representations with character χ∆ and χΓ respectively, then ∆⊕Γ has the character
χ∆ + χΓ. Sums of characters are thus characters again.

(v) For every representation ∆: G → GL(V ), det∆: G → C, g 7→ det∆(g) is a character of degree
1.
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Definition 1.14.

(i) Let g ∈ G. Then C := {hgh−1 : h ∈ G} is called the conjugacy class of g. Obviously, {1} is a
conjugacy class of G. The set of conjugacy classes of G is Cl(G). If h ∈ C, then g and h are
conjugate. Let CG(g) := {x ∈ G : xg = gx} ≤ G be the centralizer of g in G. In Algebra 1 it is
shown that |C| = |G : CG(g)|.

(ii) A map f : G → C is called a class function if f(g) = f(hgh−1) holds for all g, h ∈ G. Class
functions are therefore constant on conjugacy classes.

Lemma 1.15.

(i) The characters of a group G are class functions.

(ii) The set CF(G) of class functions forms a C-vector space via (α + β)(g) := α(g) + β(g) and
(a · α)(g) = aα(g) for α, β ∈ CF(G), a ∈ C and g ∈ G. Here, dimCF(G) = |Cl(G)|.

Proof.

(i) Let ∆: G→ GL(V ) be a representation with character χ. For g, h ∈ G we have

χ(hgh−1) = Trace∆(hgh−1) = Trace(∆(h)∆(g)∆(h)−1) = Trace∆(g) = χ(g).

(ii) Trivial.

Definition 1.16. Obviously,

(χ, ψ)G :=
1

|G|
∑
g∈G

χ(g)ψ(g) (χ, ψ ∈ CF(G))

defines a scalar product on the C-vector space CF(G). In this way, CF(G) becomes a Hilbert space.

Remark 1.17. For characters χ, ψ of G, according to Exercise 5, we also have

(χ, ψ)G =
1

|G|
∑
g∈G

χ(g)ψ(g−1).

Lemma 1.18 (Schur relations). Let ∆: G → GL(n,C), Γ: G → GL(m,C) be irreducible matrix
representations with ∆(g) = (λij(g)) and Γ(g) = (θij(g)) for g ∈ G.

(i) If ∆ and Γ are not similar, then ∑
g∈G

λii(g)θjj(g
−1) = 0

for all i, j.

(ii) We have ∑
g∈G

λii(g)λjj(g
−1) =

|G|
n
δij .
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Proof. Let Eij ∈ Cn×m be the matrix with a 1 at position (i, j) and zeros elsewhere. We set

Fij :=
∑
g∈G

∆(g)EijΓ(g
−1).

For h ∈ G we then have ∆(h)FijΓ(h
−1) = Fij , i.e., ∆(h)Fij = FijΓ(h). If ∆ and Γ are not similar, then

Fij = 0 follows from Schur’s Lemma. In particular, Fij is equal to 0 at position (i, j), i.e., (i) holds.

Now let ∆ = Γ. According to Schur, Fij = ρij · 1n for some ρij ∈ C. For the entry of Fij at position
(1, 1), we then have

ρij =
∑
g∈G

λ1i(g)λj1(g
−1) =

∑
h∈G

λ1i(h
−1)λj1(h) =

∑
h∈G

λj1(h)λ1i(h
−1) = ρ11δij .

With ρ := ρ11 (= ρii), we then have

nρ =
n∑
j=1

∑
g∈G

λij(g)λji(g
−1) =

∑
g∈G

1 = |G|

due to ∆(g)∆(g−1) = 1n for g ∈ G. Now (ii) follows from the entry of Fij at position (i, j).

Theorem 1.19 (First Orthogonality Relation). For χ, ψ ∈ Irr(G) we have

(χ, ψ)G =
1

|G|
∑
g∈G

χ(g)ψ(g) =

{
1 if χ = ψ,

0 otherwise.

Proof. Let ∆ and Γ be irreducible representations of G with character χ and ψ respectively. First
let χ ̸= ψ. According to Lemma 1.12, ∆ and Γ are then not similar. We write ∆(g) = (λij(g)) and
Γ(g) = (θij(g)) for g ∈ G. Then χ(g) =

∑
λii(g) and ψ(g) =

∑
θii(g). According to Lemma 1.18 we

thus have
(χ, ψ)G =

1

|G|
∑
g∈G

∑
i,j

λii(g)θjj(g
−1) = 0.

Analogously,

(χ, χ)G =
1

|G|
∑
g∈G

∑
i,j

λii(g)λjj(g
−1) =

χ(1)

|G|
|G|
χ(1)

= 1.

Remark 1.20. From Theorem 1.19 it follows easily that Irr(G) is a linearly independent subset of
CF(G). In particular, |Irr(G)| ≤ dimCCF(G) = |Cl(G)| ≤ |G| <∞.

Theorem 1.21. Two representations are similar if and only if they have the same character.

Proof. One direction is Lemma 1.12. Now let ∆ and Γ be representations with the same character χ. We
write ∆ =

⊕n
i=1∆i and Γ =

⊕m
i=1 Γi as sums of irreducible representations. Then χ also decomposes

into

χ =
n∑
i=1

χ∆i =
m∑
i=1

χΓi .
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According to Remark 1.20, n = m and χ∆i = χΓi given a suitable numbering. From Lemma 1.18 it
now follows easily that ∆i and Γi are similar. So let Ai ∈ GL(χ∆i(1),C) with Ai∆i(g) = Γi(g)Ai for
all g ∈ G. For

A :=

A1 0
. . .

0 An

 ∈ GL(χ(1),C)

it then obviously holds that A∆(g) = Γ(g)A for all g ∈ G, i. e. ∆ and Γ are similar.

Remark 1.22.

(i) Let ρ be the regular character of G. According to Exercise 2, it holds that

ρ(g) =

{
|G| if g = 1,

0 otherwise.

For χ ∈ Irr(G), we therefore have

(ρ, χ)G =
1

|G|
∑
g∈G

ρ(g)χ(g) = χ(1).

It follows that ρ =
∑

χ∈Irr(G) χ(1)χ and |G| = ρ(1) =
∑

χ∈Irr(G)

χ(1)2.

(ii) Let C,D,E ∈ Cl(G), e ∈ E and g ∈ G. Then the map (c, d) 7→ (gcg−1, gdg−1) is a bijection
between {(c, d) ∈ C × D : cd = e} and {(c, d) ∈ C × D : cd = geg−1}. Therefore, the class
multiplication constant

cCDE := |{(c, d) ∈ C ×D : cd = e}|

does not depend on the choice of e ∈ E.

Lemma 1.23. For an irreducible representation ∆ with character χ and g ∈ C ∈ Cl(G), it holds that∑
x∈C

∆(x) = ω∆(C) id

with ω∆(C) := ωχ(C) :=
|C|
χ(1)χ(g).

Proof. Let A :=
∑

x∈C ∆(x). For y ∈ G, we have ∆(y)A∆(y−1) =
∑

x∈C ∆(yxy−1) = A. From Schur’s
Lemma, it follows that A = ω∆(C) id for some ω∆(C) ∈ C. Furthermore, ω∆(C)χ(1) = TraceA =∑

x∈C χ(x) = |C|χ(g).

Theorem 1.24 (Second orthogonality relation). For g, h ∈ G, it holds that

∑
χ∈Irr(G)

χ(g)χ(h) =

{
|CG(g)| if g and h are conjugate,
0 otherwise.
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Proof. Let C,D ∈ Cl(G) with g ∈ C and h−1 ∈ D. Let ∆: G → GL(n,C) be an irreducible matrix
representation with character χ. According to Lemma 1.23, it holds that

ωχ(C)ωχ(D)1n =
∑
c∈C

∆(c)
∑
d∈D

∆(d) =
∑
c∈C

∑
d∈D

∆(cd)
1.22
=

∑
E∈Cl(G)

cCDE
∑
e∈E

∆(e)

=
∑

E∈Cl(G)

cCDEωχ(E)1n.

From the definition of ωχ, one obtains

χ(g)χ(h) =
∑

E∈Cl(G)

cCDE |E|
|C||D|

χ(1)χ(e),

where in each case e ∈ E is chosen. Let ρ be the regular character of G. Summing over χ yields

∑
χ∈Irr(G)

χ(g)χ(h) =
∑

E∈Cl(G)

cCDE |E|
|C||D|

∑
χ∈Irr(G)

χ(1)χ(e)
1.22
=

∑
E∈Cl(G)

cCDE |E|
|C||D|

ρ(e) =
cCD{1}|G|
|C||D|

.

The conjugacy class of h is clearlyD−1 = {d−1 : d ∈ D}. If g and h are not conjugate, then C∩D−1 = ∅
and cCD{1} = 0. Otherwise, cCD{1} = |C| = |D| and the assertion follows from |G|

|C| = |CG(g)|.

Theorem 1.25. Irr(G) is an orthonormal basis of CF(G). In particular, k(G) := |Irr(G)| = |Cl(G)|.

Proof. We already know that Irr(G) is linearly independent (Remark 1.20). According to the second
orthogonality relation, for g ∈ C ∈ Cl(G) on the other hand

φC :=
1

|CG(g)|
∑

χ∈Irr(G)

χ(g−1)χ

is the characteristic function on C (i. e. φC(x) is 1 if x ∈ C and 0 otherwise). Since the characteristic
functions form a basis of CF(G), Irr(G) is also a generating set. The orthonormality follows from the
first orthogonality relation.

Remark 1.26.

(i) Every class function f ∈ CF(G) can thus be uniquely written in the form

f =
∑

χ∈Irr(G)

aχχ

with aχ ∈ C. If aχ ∈ Z for all χ ∈ Irr(G), then f is a virtual character of G (or generalized
character). If additionally aχ ≥ 0 for all χ ∈ Irr(G) and aψ > 0 for at least one ψ ∈ Irr(G), then
f is a character according to Remark 1.13(iv). Conversely, every character of G has the form
ψ =

∑
χ∈Irr(G) aχχ with aχ ∈ N0. If aχ = (ψ, χ)G > 0, then χ is called an irreducible constituent

of ψ with multiplicity aχ. Furthermore, (ψ,ψ)G =
∑
a2χ holds. In particular, ψ is irreducible if

and only if (ψ,ψ)G = 1 holds.

(ii) In general, no canonical bijection between Cl(G) and Irr(G) is known.
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2 Character Tables

Remark 2.1. Let g1, . . . , gk ∈ G be a system of representatives for the conjugacy classes of G, and
let Irr(G) = {χ1, . . . , χk}. The k × k-matrix C := (χi(gj))i,j is called the character table of G. Of
course, C depends on the order of the elements and characters. Usually, one chooses g1 = 1, χ1 = 1G
and χ1(1) ≤ χ2(1) ≤ . . . ≤ χk(1). In this chapter, we want to calculate C for some groups. The first
orthogonality relation can be written in the form

k∑
i=1

1

|CG(gi)|
χr(gi)χs(gi) = δrs.

This thus concerns the rows of C. The second orthogonality relation states that the columns of C are
pairwise orthogonal with respect to the standard inner product of Ck. In particular, C is invertible.

Remark 2.2. Let G and H be finite groups and ∆: G → GL(n,C) and Γ: H → GL(m,C) be
matrix representations. For g ∈ G and h ∈ H we write ∆(g) = (αij(g)) and Γ(h) = (βij(h)). Let
f : {1, . . . , nm} → {1, . . . , n} × {1, . . . ,m}, i 7→ (i1, i2) be a bijection. For (g, h) ∈ G×H we define a
matrix (∆⊗ Γ)(g, h) ∈ Cnm×nm by

(∆⊗ Γ)(g, h) = (αi1j1(g)βi2j2(h))
nm
i,j=1 (Kronecker product).

Theorem 2.3. The map ∆ ⊗ Γ: G × H → GL(nm,C) is a representation with degree nm. For the
corresponding characters, χ∆⊗Γ = χ∆χΓ holds, where (χ∆χΓ)(g, h) = χ∆(g)χΓ(h) for g ∈ G and
h ∈ H.

Proof. For (g1, h1), (g2, h2) ∈ G×H we have

(∆⊗ Γ)(g1g2, h1h2) = (αi1j1(g1g2)βi2j2(h1h2))i,j

=

(
n∑
k=1

m∑
l=1

αi1k(g1)αkj1(g2)βi2l(h1)βlj2(h2)

)
i,j

=

(
n∑
k=1

m∑
l=1

αi1k(g1)βi2l(h1)αkj1(g2)βlj2(h2)

)
i,j

=

(
nm∑
r=1

αi1r1(g1)βi2r2(h1)αr1j1(g2)βr2j2(h2)

)
i,j

= (∆⊗ Γ)(g1, h1)(∆⊗ Γ)(g2, h2).

In particular, (∆ ⊗ Γ)(g, h)(∆ ⊗ Γ)(g−1, h−1) = (∆ ⊗ Γ)(1, 1) = (αi1j1(1)βi2j2(1))i,j = 1nm and (∆ ⊗
Γ)(g, h) ∈ GL(nm,C). This shows that ∆⊗ Γ is a representation. For the character, we have

χ∆⊗Γ(g, h) =
nm∑
i=1

αi1i1(g)βi2i2(h) =
n∑
k=1

m∑
l=1

αkk(g)βll(h) = χ∆(g)χΓ(h).

Remark 2.4.

(i) According to Theorem 1.21, the similarity class of ∆ ⊗ Γ does not depend on the choice of the
bijection f .
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(ii) In the case H = G, one obtains a representation of G by g 7→ (∆⊗ Γ)(g, g). This is also denoted
by ∆⊗ Γ. For characters χ, ψ of G, the product χψ with (χψ)(g) := χ(g)ψ(g) is therefore also a
character of G. For χ, ψ ∈ Irr(G), χψ is not necessarily irreducible.

Theorem 2.5. For finite groups G,H, Irr(G×H) = {χψ : χ ∈ Irr(G), ψ ∈ Irr(H)}.

Proof. Let Irr(G) = {χ1, . . . , χn} and Irr(H) = {ψ1, . . . , ψm}. Then

(χiψj , χkψl)G×H =
1

|G×H|
∑
g∈G

∑
h∈H

χi(g)ψj(h)χk(g)ψl(h)

=

 1

|G|
∑
g∈G

χi(g)χk(g)

( 1

|H|
∑
h∈H

ψj(h)ψl(h)

)
= δikδjl.

Thus the characters χiψj are irreducible and pairwise distinct. Because of

n∑
i=1

m∑
j=1

(χiψj)(1)
2 =

n∑
i=1

χi(1)
2
m∑
j=1

ψj(1)
2 = |G||H| = |G×H|

one has found all irreducible characters of G×H.

Remark 2.6. Let G be cyclic of order n (we write G ∼= Cn). According to Exercise 1, the character
table of G is given by (e

2πikl
n )n−1

k,l=0 (i =
√
−1). From Algebra 1/2 it is known that every abelian group

G is the direct product of cyclic groups (for an elementary proof see Theorem 2.1.3 in Kurzweil-
Stellmacher, “Theorie der endlichen Gruppen”). With Theorem 2.5, the character table of G can thus
be easily calculated.

Example 2.7. Let G := {1, x, y, z (= xy)} ∼= C2 × C2 = C2
2 be the Klein four-group with Irr(G) =

{χ1, . . . , χ4}. Then
C2
2 1 x y z

χ1 1 1 1 1
χ2 1 −1 1 −1
χ3 1 1 −1 −1
χ4 1 −1 −1 1

is the character table of G.

Definition 2.8. For x, y ∈ G, [x, y] := xyx−1y−1 is the commutator of x and y. We set

G′ := ⟨[x, y] : x, y ∈ G⟩

(the smallest subgroup containing all commutators). Then G′ is called the derived subgroup of G.

Remark 2.9. For α ∈ Aut(G) and x, y ∈ G, it is obvious that α([x, y]) = [α(x), α(y)] ∈ G′. In
particular, G′ ⊴G (choose α ∈ Inn(G)). For xG′, yG′ ∈ G/G′, we have

xG′yG′ = xy [y−1, x−1]︸ ︷︷ ︸
∈G′

G′ = yG′xG′,

i. e. G/G′ is abelian. Conversely, if N⊴G with G/N abelian, then [x, y]N = xNyN(xN)−1(yN)−1 = N
for x, y ∈ G, i. e. G′ ⊆ N .
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Theorem 2.10. The characters of G of degree 1 are precisely the inflations of Irr(G/G′).

Proof. Let χ be a character of G of degree 1. Then χ : G → C× is a homomorphism. In particular,
G/Kerχ is abelian as a subgroup of C×, i. e. G′ ⊆ Kerχ. Deflation thus yields a ψ ∈ Irr(G/G′) and χ
is the inflation of ψ.

Conversely, the inflation of every χ ∈ Irr(G/G′) has degree 1 because of Theorem 1.10.

Example 2.11. Let G = A4 be the alternating group of degree 4. As is well known, the Klein four-
group V := ⟨(1, 2)(3, 4), (1, 3)(2, 4)⟩ is normal in G. Because |G/V | = 3, G/V is abelian and G′ ⊆ V .
Since G is not abelian, G′ = V must hold. For Irr(G) = {χ1, . . . , χk}, it thus holds wlog. χ1(1) =
χ2(1) = χ3(1) = 1 and χi(1) > 1 for i ≥ 4. Furthermore, 12 = |G| =

∑k
i=1 χi(1)

2 = 3 +
∑k

i=4 χi(1)
2.

It follows that k = 4 and χ4(1) = 3. Thus G also has 4 conjugacy classes. For reasons of order, the
elements 1, (1, 2)(3, 4) and (1, 2, 3) are pairwise not conjugate. In the abelian group G/G′, (1, 2, 3)G′

and (1, 3, 2)G′ = (1, 2, 3)−1G′ are also not conjugate. Thus (1, 2, 3) and (1, 3, 2) cannot be conjugate in
G either. Therefore 1, (1, 2)(3, 4), (1, 2, 3) and (1, 3, 2) is a system of representatives for the conjugacy
classes of G. A part of the character table is now obtained as follows

A4 1 (1, 2)(3, 4) (1, 2, 3) (1, 3, 2)

χ1 1 1 1 1
χ2 1 1 σ σ−1

χ3 1 1 σ−1 σ
χ4 3

σ := e2πi/3 = −1

2
+

√
−3

2
.

The last row results from the second orthogonality relation:

A4 1 (1, 2)(3, 4) (1, 2, 3) (1, 3, 2)

χ1 1 1 1 1
χ2 1 1 σ σ−1

χ3 1 1 σ−1 σ
χ4 3 −1 0 0

Lemma 2.12. Let g ∈ G. For a representation ∆ of G with character χ, the following holds

(i) |χ(g)| ≤ χ(1).

(ii) |χ(g)| = χ(1) ⇔ ∆(g) ∈ C× id.

(iii) χ(g) = χ(1) ⇔ g ∈ Ker(∆).

Proof. Let n := χ(1), and let ϵ1, . . . , ϵn ∈ C be the eigenvalues of ∆(g). Because (∆(g))|⟨g⟩| =
∆(g|⟨g⟩|) = ∆(1) = 1n, the ϵi are roots of unity. We apply the Cauchy-Schwarz inequality to the
vectors v := (ϵ1, . . . , ϵn) and w := (1, . . . , 1):

|χ(g)| = |ϵ1 + . . .+ ϵn| = |⟨v, w⟩| ≤ ∥v∥∥w∥ =
√
n
√
n = n.

This shows (i). If equality holds, then v and w are linearly dependent and it follows ϵ := ϵ1 = ϵ2 =
. . . = ϵn. Since ∆(g) is diagonalizable (Exercise 4), the geometric multiplicity of the eigenvalue ϵ is
equal to n, i. e. ∆(g) = ϵ id. Conversely, if ∆(g) ∈ C× id, then |χ(g)| = χ(1) certainly follows. If even
χ(g) = χ(1), then obviously ϵ = 1 and g ∈ Ker(∆). The converse is also clear here.
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Definition 2.13. For a representation ∆ with character χ we set Ker(χ) := Ker(∆) and Z(χ) :=
Z(∆) := {g ∈ G : |χ(g)| = χ(1)}. One calls Z(χ) the center of χ (resp. ∆).

Theorem 2.14. For every character χ of G, Ker(χ) and Z(χ) are normal subgroups of G. Here
Ker(χ) ≤ Z(χ) and Z(χ)/Ker(χ) is cyclic. If χ ∈ Irr(G), then Z(χ)/Ker(χ) = Z(G/Ker(χ)) and
Z(G) ⊆ Z(χ).

Proof. Certainly Ker(χ)⊴G and Ker(χ) ⊆ Z(χ). Let ∆: G→ GL(V ) be a representation with charac-
ter χ. Obviously C× idV ⊆ Z(GL(V )) and thus C× idV ⊴GL(V ). Consequently Z(χ) = ∆−1(C× idV )⊴G
as well. According to the isomorphism theorem, Z(χ)/Ker(χ) is furthermore isomorphic to a finite sub-
group H of C× idV ∼= C×. Obviously H consists exactly of the |H|-th roots of unity in C. In particular,
H is cyclic (in Algebra 1 one proves this for arbitrary fields).

Now let χ ∈ Irr(G). By deflation we can assume Ker(χ) = 1 and G ≤ GL(V ) (this does not change
Z(χ)). Obviously then

Z(χ) ⊆ C× idV ∩G ⊆ Z(GL(V )) ∩G ⊆ Z(G).

For x ∈ Z(G) conversely ∆(g)∆(x) = ∆(gx) = ∆(xg) = ∆(x)∆(g) holds for all g ∈ G. Schur’s Lemma
shows ∆(x) ∈ C× idV and thus x ∈ Z(χ).

The last statement follows from Z(G)Ker(χ)/Ker(χ) ≤ Z(G/Ker(χ)).

Remark 2.15. In this way one can often construct normal subgroups, because every normal subgroup
is the kernel of a character (Exercise 9).

Theorem 2.16. The character table of G can be calculated from the class multiplication constants.

Proof (Burnside algorithm). Let Cl(G) = {K1, . . . ,Kn} and cijk := CKiKjKk be the class multipli-
cation constant. Let Ti := (cijk)j,k ∈ Zn×n. Let ∆1, . . . ,∆n be the irreducible representations of G and
ωi := ω∆i for i = 1, . . . , n. According to Lemma 1.23, it holds that

ωl(Ki)ωl(Kj) id =
∑
x∈Ki

∆l(x)
∑
y∈Kj

∆l(y) =
∑

(x,y)∈Ki×Kj

∆l(xy) =

n∑
k=1

cijkωl(Kk) id

for 1 ≤ i, j, l ≤ n. Consequently, el := (ωl(Kk))k ∈ Cn is an eigenvector of Ti with eigenvalue ωl(Ki).
1 Clearly, {e1, . . . , en} is a basis of Cn. Every eigenspace of Ti is therefore spanned by some of the el.
We intersect these eigenspaces with the eigenspaces of the Tj for j ̸= i. The non-trivial intersections
have the form

Vl := {v ∈ Cn : ∀i : Tiv = ωl(Ki)v} ≤ Cn

for some 1 ≤ l ≤ n. Since for l ̸= k there always exists an i with ωl(Ki) ̸= ωk(Ki), the sum of the Vl is
direct. For dimension reasons, it follows that Vl = ⟨el⟩ for l = 1, . . . , n. Because of ωl(K1) = 1, el can
be calculated from Vl. According to the first orthogonality relation, there exists only one vector el, say
e1, which consists only of positive numbers. It belongs to the trivial representation ∆1. From this, the
class lengths |Ki| = ω1(Ki) for i = 1, . . . , n are obtained. Because of

n∑
i=1

|ωl(Ki)|2

|Ki|
=

1

χl(1)2

∑
g∈G

|χl(g)|2 =
|G|
χl(1)2

(χl, χl)G =
|G|
χl(1)2

one obtains χl(1) and subsequently also χl(g) =
χl(1)ωl(Ki)

|Ki| for g ∈ Ki.

1The eigenvalues of Ti can indeed be calculated, but their assignment to ωl is not unique.
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Remark 2.17. As a rule, one does not need all matrices Ti to calculate the character table. If, for
example, ωl(Ki) as an eigenvalue of Ti has multiplicity 1, then el can be determined directly as a
generator of the eigenspace. Optimizations of this kind lead to the Dixon-Schneider algorithm, which
is frequently used in practice.

Theorem 2.18. Let Cl(G) = {K1, . . . ,Kn} and gi ∈ Ki. Then

cijk =
|Ki||Kj |

|G|
∑

χ∈Irr(G)

χ(gi)χ(gj)χ(gk)

χ(1)

for 1 ≤ i, j, k ≤ n. The class multiplication constants can thus be determined from the character table.

Proof. As in the proof of Theorem 2.16, ωχ(Ki)ωχ(Kj) =
∑n

k=1 cijkωχ(Kk). From this it follows that

|Ki||Kj |
|G|

∑
χ∈Irr(G)

χ(gi)χ(gj)χ(gk)

χ(1)
=

1

|G|
∑

χ∈Irr(G)

ωχ(Ki)ωχ(Kj)χ(1)χ(gk)

=
1

|G|

n∑
l=1

cijl
∑

χ∈Irr(G)

ωχ(Kl)χ(1)χ(gk) =
1

|G|

n∑
l=1

cijl|Kl|
∑

χ∈Irr(G)

χ(gl)χ(gk)
1.24
= cijk.

3 Algebraic integers

Definition 3.1. A number ζ ∈ C is called algebraic integer , if it is a root of a monic, integral
polynomial, i. e. there exist numbers n ∈ N and a0, . . . , an−1 ∈ Z with ζn+an−1ζ

n−1+. . .+a1ζ+a0 = 0.

Example 3.2.

(i) Integers are obviously algebraic integers.

(ii) Roots of unity are algebraic integers as roots of polynomials of the form Xn − 1.

Lemma 3.3. If α, β ∈ C are algebraic integers, then so are α+β and αβ. (The algebraic integers thus
form a ring.)

Proof. We write

αn = an−1α
n−1 + . . .+ a0,

βm = bm−1β
m−1 + . . .+ b0

(3.1)

with a0, . . . , an−1, b0, . . . , bm−1 ∈ Z. Let S := {αiβj : i = 0, . . . , n−1, j = 0, . . . ,m−1} and γ := α+β
(resp. αβ). For s ∈ S there then exist numbers cst ∈ Z with γs =

∑
t∈S cstt (use (3.1)). For A :=

(cst)s,t∈S ∈ Znm×nm and v := (s : s ∈ S) we have Av = γv. Thus γ is a root of the monic, integral
polynomial det(X1nm −A).

Remark 3.4. If χ is a character of G, then χ(g) is an algebraic integer for g ∈ G as a sum of roots of
unity (see for example the proof of Lemma 2.12).

Lemma 3.5. If ζ ∈ Q is an algebraic integer, then ζ ∈ Z.
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Proof. Let ζ = r
s with r, s ∈ Z and gcd(r, s) = 1. By assumption there exist a0, . . . , an−1 ∈ Z with

rn

sn
=
an−1r

n−1

sn−1
+ . . .+

a1r

s
+ a0.

Rearranging yields
rn = s(an−1r

n−1 + . . .+ a1rs
n−2 + a0s

n−1).

Thus s | rn. Because of gcd(r, s) = 1 it follows that s = ±1 and ζ ∈ Z.

Lemma 3.6. For C ∈ Cl(G) and χ ∈ Irr(G), ωχ(C) is algebraic-integral.

Proof. As shown in the proof of Theorem 2.16, ωχ(C) is an eigenvalue of an integer matrix T . Thus,
ωχ(C) is algebraic-integral as a root of the monic, integer characteristic polynomial of T .

Theorem 3.7. For χ ∈ Irr(G), we have χ(1)
∣∣ |G|.

Proof. Let g1, . . . , gk ∈ G be representatives for the conjugacy classes C1, . . . , Ck of G. According to
the first orthogonality relation, it then follows that

|G|
χ(1)

=
1

χ(1)

∑
x∈G

χ(x)χ(x) =
1

χ(1)

k∑
i=1

|Ci|χ(gi)χ(g−1
i ) =

k∑
i=1

ωχ(Ci)χ(g
−1
i ).

By Lemma 3.6, |G|
χ(1) is algebraic-integral. The assertion now follows from Lemma 3.5.

Theorem 3.8. Let χ ∈ Irr(G) and g ∈ C ∈ Cl(G) with gcd(χ(1), |C|) = 1. Then g ∈ Z(χ) or χ(g) = 0.

Proof. Let α := χ(g)
χ(1) . Because of gcd(χ(1), |C|) = 1, there exist a, b ∈ Z with aχ(1) + b|C| = 1. With

ωχ(C) and χ(g), also

α =
χ(g)

χ(1)
(aχ(1) + b|C|) = aχ(g) + bωχ(C)

is algebraic-integral. Let n := |⟨g⟩| and ζ := e
2πi
n ∈ C. As a sum of n-th roots of unity, χ(g) ∈ Q(ζ).

Let G be the Galois group of the Galois extension Q(ζ)|Q. For σ ∈ G, σ(α) is also algebraic-integral,
because α and σ(α) are roots of the same integer polynomial. Therefore, β :=

∏
σ∈G σ(α) is also

algebraic-integral. Because of σ(β) = β for all σ ∈ G, β lies in the fixed field of G, i.e., β ∈ Q (Galois
theory). By Lemma 3.5, β ∈ Z. In the case g /∈ Z(χ), we have |α| < 1 (Lemma 2.12). With χ(g), also
σ(χ(g)) is a sum of m := χ(1) many n-th roots of unity ϵ1, . . . , ϵm. It follows that

|σ(χ(g))| = |ϵ1 + . . .+ ϵm| ≤ |ϵ1|+ . . .+ |ϵm| = m

and |σ(α)| ≤ 1 for σ ∈ G. Consequently, |β| < 1, i.e., β = 0. Thus α = 0 and χ(g) = 0.

Theorem 3.9. Let G be simple and non-abelian, C ∈ Cl(G) and |C| a power of a prime p. Then
C = {1}.
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Proof. We assume C ̸= {1} and choose g ∈ C and χ ∈ Irr(G) \ {1G}. Since G is simple, Ker(χ) = 1.
Since G is non-abelian, Z(χ) = 1 as well (Theorem 2.14). In the case p ∤ χ(1), it follows that χ(g) = 0
according to Theorem 3.8. Therefore,

∑
χ∈Irr(G),
p|χ(1)

χ(1)

p
χ(g) =

1

p

∑
1G ̸=χ∈Irr(G)

χ(1)χ(g) =
1

p

( ∑
χ∈Irr(G)

χ(1)χ(g)− 1G(1)1G(g)

)
= −1

p
∈ Q \ Z

is algebraic-integral. Contradiction.

Theorem 3.10 (Burnside). Let |G| = paqb with prime numbers p, q and a, b ∈ N0. Then G is solvable.

Proof. (Induction on |G|) wlog. let G ̸= 1. Let N be a maximal normal subgroup of G. If N ̸= 1, then
N and G/N are solvable by induction, and thus so is G. Therefore, let N = 1, i.e., G is simple and
wlog. non-abelian. Let P ̸= 1 be a Sylow subgroup of G, g ∈ Z(P ) \ {1} and C the conjugacy class
of g. Then |C| = |G : CG(g)|

∣∣ |G : P | = qb is a prime power. According to Theorem 3.9, C = {1}.
Contradiction.

Theorem 3.11. For χ ∈ Irr(G), χ(1)
∣∣ |G : Z(χ)|.

Proof (Navarro). Let ∆: G → GL(V ) be a representation with character χ. Because |G : Z(χ)| =
|G/Ker(χ) : Z(χ)/Ker(χ)|, we can replace ∆ by its deflation G/Ker(χ) → GL(V ) and assume
Ker(χ) = 1. According to Theorem 2.14, Z := Z(χ) = Z(G) and ∆(z) = λ(z) idV with λ(z) ∈ C
for z ∈ Z. Let K1, . . . ,Ks ∈ Cl(G) be the conjugacy classes on which χ does not vanish. For gi ∈ Ki

and z ∈ Z, we have ∆(giz) = ∆(gi)λ(z) and

χ(giz) = χ(gi)λ(z) =
χ(gi)χ(z)

χ(1)
.

Since χ is faithful, it follows that χ(giz) ̸= χ(gi) for z ̸= 1. Possibly, gi and giz are not conjugate. This
shows Kiz = Kj for some j ̸= i. With a suitable ordering, we now have

s⋃
i=1

Ki =
t⋃
i=1

⋃̇
z∈Z

Kiz

with t|Z| = s. Furthermore,

χ(giz)χ(giz) = χ(gi)χ(gi)
|χ(z)|2

χ(1)2
= χ(gi)χ(gi).

Therefore,

|G : Z|
χ(1)

=
∑
g∈G

χ(g)χ(g)

|Z|χ(1)
=

t∑
i=1

∑
z∈Z

|Ki|χ(giz)χ(giz)
|Z|χ(1)

=
t∑
i=1

|Ki|χ(gi)χ(gi)
χ(1)

=
t∑
i=1

ωχ(Ki)χ(gi)

is algebraic-integral according to Lemma 3.6. The assertion follows from Lemma 3.5.
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4 Clifford Theory

Remark 4.1. For H ≤ G and φ ∈ CF(G), the restriction φH ∈ CF(H) is obviously a class function.
Conversely, we will now construct a class function on G from φ ∈ CF(H).

Definition 4.2. For H ≤ G and φ ∈ CF(H), let

φG : G→ C, x 7→ 1

|H|
∑
g∈G,

gxg−1∈H

φ(gxg−1).

One calls φG the induction of φ.

Theorem 4.3. For φ ∈ CF(H), we have φG ∈ CF(G).

Proof. For x, y ∈ G, we have

φG(yxy−1) =
1

|H|
∑
g∈G,

gyxy−1g−1∈H

φ(gyxy−1g−1) =
1

|H|
∑
h∈G,

hxh−1∈H

φ(hxh−1) = φG(x).

Remark 4.4.

(i) It is easy to see that induction is a linear map from CF(H) to CF(G).

(ii) For H ≤ G, φ ∈ CF(H) and x ∈ G, we have

φG(x) =
1

|H|
∑
g∈G,

g−1xg∈H

φ(g−1xg) =
1

|H|
∑

gH∈G/H

∑
h∈H,

h−1g−1xgh∈H

φ(h−1g−1xgh)

=
1

|H|
∑

gH∈G/H,h∈H,
g−1xg∈H

φ(g−1xg) =
∑

gH∈G/H,
xgH=gH

φ(g−1xg).

This is useful for practical calculation.

Theorem 4.5.

(i) For K ≤ H ≤ G and φ ∈ CF(K), we have (φH)G = φG. Thus, the induction of class functions
is transitive.

(ii) For χ ∈ CF(G) and φ ∈ CF(H), we have χφG = (χHφ)
G and (χ, φG)G = (χH , φ)H (Frobenius

reciprocity).

Proof.

(i) By Remark 4.4(ii), we have

(φH)G(x) =
∑

gH∈G/H,
xgH=gH

φH(g−1xg) =
∑

gH∈G/H,
xgH=gH

∑
hK∈H/K,

g−1xghK=hK

φ(h−1g−1xgh)

=
∑

aK∈G/K,
xaK=aK

φ(a−1xa) = φG(x)

for x ∈ G.
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(ii) As in (i), we have

(χφG)(x) = χ(x)
∑

gH∈G/H,
xgH=gH

φ(g−1xg) =
∑

gH∈G/H,
xgH=gH

(χφ)(g−1xg) = (χHφ)
G(x)

for x ∈ G and

(χ, φG)G =
1

|G|
∑
x∈G

χ(x)
∑

gH∈G/H,
xgH=gH

φ(g−1xg) =
1

|G|
∑

gH∈G/H

∑
x∈G,

g−1xg∈H

χ(g−1xg)φ(g−1xg)

=
1

|G|
∑

gH∈G/H

∑
h∈H

χ(h)φ(h) =
|G/H|
|G|

∑
h∈H

χ(h)φ(h) = (χH , φ)H .

Remark 4.6. Frobenius reciprocity states that restriction and induction are adjoint maps between
CF(G) and CF(H).

Theorem 4.7. For a character φ of H ≤ G, φG is a character of G of degree |G : H|φ(1).

Proof. We write φG =
∑

χ∈Irr(G) aχχ with aχ ∈ C. Then

aχ = (χ, φG)G = (χH , φ)H ∈ N0,

because χH is a character of H. Thus φG is a character of G. Clearly, φG(1) = |G : H|φ(1) also
holds.

Example 4.8.

(i) 1G1 is the regular character of G. In particular, φG is not necessarily irreducible if φ is irreducible.
If φ is reducible, then φG must also be reducible due to the linearity of induction.

(ii) Let H := ⟨(1, 2, 3)⟩ and G := S3. Let φ be a non-trivial character of H of degree 1. Then
φG(1) = 2, φG((1, 2)) = 0, φG((1, 2, 3)) = −1. In particular, φG ∈ Irr(G).

Definition 4.9. Let H ≤ G, φ ∈ CF(H) and g ∈ G. Then gφ ∈ CF(gHg−1) with gφ(x) := φ(g−1xg)
for x ∈ gHg−1. We call Gφ := {g ∈ G : gφ = φ} ≤ G the inertia group of φ. Furthermore, let

Irr(G|φ) := {χ ∈ Irr(G) : (χH , φ)H ̸= 0}.

Remark 4.10.

(i) Clearly H ≤ Gφ ≤ NG(H) := {g ∈ G : gHg−1 = H} (NG(H) is the normalizer of H in G).

(ii) As usual,
gφ = hφ⇐⇒ h−1g ∈ Gφ ⇐⇒ gGφ = hGφ

for g, h ∈ G.

(iii) Let ∆: H → GL(V ) be a representation with character χ. For g ∈ G, then clearly g∆: gHg−1 →
GL(V ), x 7→ ∆(g−1xg) is a representation of gHg−1 with character gχ.
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(iv) For φ,ψ ∈ CF(H) and g ∈ G, we have (gφ, gψ)gHg−1 = (φ,ψ)H , because

1

|gHg−1|
∑

x∈gHg−1

gφ(x)gψ(x) =
1

|H|
∑
x∈H

φ(x)ψ(x).

(v) For K ≤ H ≤ G, φ ∈ CF(H) and g ∈ G, we have g(φK) = (gφ)gKg−1 .

(vi) For N ⊴ G and χ ∈ Irr(N), we have (gχ, gχ)N = (χ, χ)N = 1 and gχ ∈ Irr(N). We say that χ
and gχ are conjugate.

Theorem 4.11. Let N ⊴G, χ ∈ Irr(G) and ψ ∈ Irr(N) with e := (χN , ψ)N ̸= 0. Then

χN = e
∑

gGψ∈G/Gψ

gψ.

Proof. By Frobenius reciprocity, χ is a constituent of ψG. Therefore, χN is a constituent of (ψG)N .
For x ∈ N , it holds that

ψG(x) =
∑

gN∈G/N,
xgN=gN

ψ(gxg−1) =
∑

gN∈G/N

gψ(x)

according to Remark 4.4. Thus, every irreducible constituent of χN is conjugate to ψ. For g ∈ G, it
holds that

(χN ,
gψ)N = (g

−1
(χN ), ψ)N = ((g

−1
χ)N , ψ)N = (χN , ψ)N = e

according to Remark 4.10. This yields the claim.

Definition 4.12. In the situation of Theorem 4.11, e is called the ramification index of χ w.r.t. N . It
can be shown that e

∣∣ |G : N | holds (without proof).

Theorem 4.13 (Clifford correspondence). For N ⊴G and ψ ∈ Irr(N), the map

Φ : Irr(Gψ|ψ) → Irr(G|ψ),
χ 7→ χG

is a bijection with (χN , ψ)N = ((χG)N , ψ)N .

Proof. Let χ ∈ Irr(Gψ|ψ) and let φ be an irreducible constituent of χG. We first show φ ∈ Irr(G|ψ).
We write φGψ :=

∑
τ∈Irr(Gψ) aττ with aτ ≥ 0 and aχ = (φGψ , χ)Gψ = (φ, χG)G ≥ 1. According to

Theorem 4.11, χN = eψ with e := (χN , ψ)N . It follows that

f := (φN , ψ)N =
∑

τ∈Irr(Gψ)

aτ (τN , ψ)N ≥ aχ(χN , ψ)N ≥ e > 0,

i. e. φ ∈ Irr(G|ψ). Theorem 4.11 implies

φ(1) = φN (1) = f
∑

gGψ∈G/Gψ

gψ(1) ≥ e|G : Gψ|ψ(1) = |G : Gψ|χ(1) = χG(1) ≥ φ(1).

This shows χG = φ ∈ Irr(G|ψ) and e = f . Thus Φ is well-defined.

20



Now let θ ∈ Irr(G|ψ) be given. Because θN = (θGψ)N , there exists a χ ∈ Irr(Gψ|ψ) with (θ, χG)G =

(θT , χ)Gψ ̸= 0. According to the first part of the proof, χG = θ, i. e. Φ is surjective. Furthermore,
(θN , ψ)N = (χN , ψ)N , i. e. χ is the only irreducible constituent of θGψ that lies in Irr(Gψ|ψ). This
shows the injectivity of Φ.

Theorem 4.14 (Itô). Let A be an abelian subgroup of G and χ ∈ Irr(G). Then:

(i) χ(1) ≤ |G : A|.

(ii) If A⊴G, then χ(1)
∣∣ |G : A|.

Proof.

(i) Exercise 12.

(ii) Let ψ be an irreducible constituent of χA. By Theorem 4.13 there exists a χ̃ ∈ Irr(Gψ) with
χ̃G = χ and χ̃A = eψ for some e ∈ N. Since A is abelian, |χ̃(x)| = |eψ(x)| = eψ(1) = e = χ̃(1)
for x ∈ A, i. e. A ⊆ Z(χ̃). By Theorem 3.11, χ̃(1)

∣∣ |Gψ : Z(χ̃)|
∣∣ |Gψ : A| and therefore

χ(1) = |G : Gψ|χ̃(1)
∣∣ |G : Gψ||Gψ : A| = |G : A|.

Theorem 4.15. Let N ⊴G and ψ ∈ Irr(N) with Gψ = G. Then ψG =
∑

χ∈Irr(G) eχχ, where eχ is the
ramification index of χ (if eχ > 0). In particular,

∑
e2χ = |G : N |.

Proof. We write ψG =
∑

χ∈Irr(G) fχχ. In the case fχ ̸= 0, χN = eχψ by Theorem 4.11. Here fχ =

(χ, ψG)G = (χN , ψ)N = (eχψ,ψ)N = eχ. It follows that

|G : N |ψ(1) = ψG(1) =
∑

χ∈Irr(G)

eχχ(1) = ψ(1)
∑

χ∈Irr(G)

e2χ

and
∑
e2χ = |G : N |.

Remark 4.16. The numbers eχ thus behave like character degrees. In the following theorem we will
see that they are indeed character degrees if eχ = 1 holds for some χ ∈ Irr(G).

Theorem 4.17 (Gallagher). Let N ⊴ G and χ ∈ Irr(G) with ψ := χN ∈ Irr(N). Then {λχ : λ ∈
Irr(G/N)} is the set of irreducible constituents of ψG.

Proof. As usual, we view the characters of G/N as characters of G via inflation. By Exercise 11,
(χN )

G = χρ, where ρ is the regular character of G/N . Thus

ψG =
∑

λ∈Irr(G/N)

λ(1)χλ.

By Theorem 4.15,

|G : N | = (ψG, ψG)G =
∑

λ,λ′∈Irr(G/N)

λ(1)λ′(1)(χλ, χλ′)G ≥
∑

λ∈Irr(G/N)

λ(1)2 = |G : N |.

This shows that the χλ with λ ∈ Irr(G/N) are irreducible and pairwise distinct.
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Theorem 4.18. Let N ⊴ G and G/N cyclic. For every ψ ∈ Irr(N) with Gψ = G there exists a
extension χ ∈ Irr(G) with χN = ψ.

Proof. Let ∆: N → GL(n,C) be a representation with character ψ. Let G/N = ⟨gN⟩ and k := |G/N |.
Because of Gψ = G, ∆ and g∆ are similar. Thus, let A ∈ GL(n,C) with A∆(x)A−1 = ∆(gxg−1) for
all x ∈ N . Inductively, it follows that

Ak∆(x)A−k = ∆(gkxg−k) = ∆(gk)∆(x)∆(gk)−1

for all x ∈ N . By Schur’s Lemma, A−k∆(gk) = λ1n for some λ ∈ C×. Let µ ∈ C× with µk = λ.
Because of (µA)k = λAk = ∆(gk), the map

Γ: G→ GL(n,C), gix 7→ (µA)i∆(x)

with i ∈ Z and x ∈ N is well-defined. For i, j ∈ Z and x, y ∈ N , it holds that

Γ(gix · gjy) = Γ(gi+j · (g−jxgj)y) = (µA)i+j∆(g−jxgj)∆(y) = (µA)i+jA−j∆(x)Aj∆(y)

= (µA)i∆(x)(µA)j∆(y) = Γ(gix)Γ(gjy).

Thus, Γ is a representation that extends ∆. Since ∆ is irreducible, Γ must also be irreducible. This
shows the claim.

Example 4.19. We calculate the character table of G := S4 from the character table of N := A4. The
characters χ2 and χ3 of N constructed in Example 2.11 are conjugate under G. Therefore, χG2 = χG3 ∈
Irr(G). Since G/N is cyclic, the remaining characters each have two extensions to G. This already
yields the following part of the character table:

S4 1 (1, 2) (1, 2)(3, 4) (1, 2, 3) (1, 2, 3, 4)

1G 1 1 1 1 1
sgn 1 −1 1 1 −1
χG2 2 0 2 −1 0
ψ 3 a −1 0 b

ψ sgn 3 −a −1 0 −b

From the second orthogonality relation, it follows that ab = −1. According to Lemma 2.12, a is a sum
of second roots of unity and thus an integer. Since b is algebraic-integral, it follows that a = −b = ±1.

S4 1 (1, 2) (1, 2)(3, 4) (1, 2, 3) (1, 2, 3, 4)

1G 1 1 1 1 1
sgn 1 −1 1 1 −1
χG2 2 0 2 −1 0
ψ 3 1 −1 0 −1

ψ sgn 3 −1 −1 0 1

Theorem 4.20 (Taunt). If G has abelian p-Sylow groups, then p ∤ |G′ ∩ Z(G)|.

Proof. Assume indirectly that U ≤ G′ ∩ Z(G) with |U | = p exists. Let U ≤ P ∈ Sylp(G) and 1U ̸=
λ ∈ Irr(U). Let µ ∈ Irr(P ) with (µ, λP )P ̸= 0. Then (µU , λ)U ̸= 0 and µU = λ because µ(1) = 1 (P
abelian). We write

µG =
∑

χ∈Irr(G)

aχχ.
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Because p ∤ |G : P | = µG(1), there exists a χ ∈ Irr(G) with aχ > 0 and p ∤ χ(1) =: n. In particular,
(µ, χP )P ̸= 0 (Frobenius reciprocity). Thus µU = λ is also an irreducible constituent of χU . Let ∆
be a representation with character χ. For x ∈ U ⊆ Z(G) ⊆ Z(χ), we then have ∆(x) = λ(x)1n
(Theorem 2.14). It follows that χU = nλ. Since G/Ker(det∆) ≤ C× is abelian, G′ ⊆ Ker(det∆)
holds. Because U ⊆ G′, it follows in particular that

1 = det∆(x) = λ(x)n

for all x ∈ U . On the other hand, λ(x)p = λ(xp) = 1 also holds. Because gcd(p, n) = 1, there exist
α, β ∈ Z with αp+ βn = 1. One obtains: λ(x) = (λ(x)p)α(λ(x)n)β = 1 for all x ∈ U . This contradicts
λ ̸= 1U .

5 Frobenius Groups

Definition 5.1. A group action of G on a non-empty set Ω is a homomorphism f : G→ Sym(Ω). We
write gω := (f(g))(ω) for g ∈ G and ω ∈ Ω. One also says: G acts on Ω.

Theorem 5.2 (Brauer’s Permutation Lemma). Let H be a finite group such that G acts on Cl(H)
and Irr(H). For all g ∈ G, C ∈ Cl(H) and χ ∈ Irr(H), let gχ(gC) = χ(C) hold. Then the cycle type
of g ∈ G in Sym(Cl(H)) coincides with the cycle type of g in Sym(Irr(H)). In particular,

|{C ∈ Cl(H) : gC = C}| = |{χ ∈ Irr(H) : gχ = χ}|

for all g ∈ G.

Proof. Let Cl(H) = {C1, . . . , Ck} and Irr(H) = {χ1, . . . , χk}. Let X := (χi(Cj))i,j be the character
table of H. Let g ∈ G be fixed. The action of g on Cl(H) (resp. Irr(H)) is then described by a
permutation matrix P (resp. Q). Here QX = (gχi(Cj)) = (χi(

g−1
Cj)) = XP holds. Since X is

invertible (Remark 2.1), Q = XPX−1 holds, i. e. Q and P are similar. Let (l1, . . . , ln) be the cycle type
of P . According to Exercise 13, the eigenvalues of P are given by: {e2πij/l1 : j = 0, . . . , l1 − 1} ∪ . . . ∪
{e2πij/ln : j = 0, . . . , ln−1} (with multiplicities). Since P and Q have the same eigenvalues, (l1, . . . , ln)
is also the cycle type of Q. The last assertion is obtained by counting cycles of length one.

Definition 5.3. A finite group G is called a Frobenius group, if a subgroup 1 < H < G with H ∩
gHg−1 = 1 for all g ∈ G \H exists. One calls H a Frobenius complement .

Example 5.4.

(i) Let P ∈ Sylp(G) with |P | = p and NG(P ) = P < G. Then G is obviously a Frobenius group with
Frobenius complement P . In particular, S3 is a Frobenius group.

(ii) Let K be a finite field with |K| > 2. For a ∈ K× and b ∈ K we define fa,b : K → K, x 7→ ax+ b.
Then

Aff(1,K) := {fa,b : a ∈ K×, b ∈ K} ≤ Sym(K)

is a Frobenius group (Exercise 15).

Remark 5.5. In the following, we want to show that a Frobenius complement H of G always possesses
a normal complement N , i. e. G = HN and H ∩N = 1.
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Lemma 5.6. Let H be a Frobenius complement in G. We set

N := G \
⋃
g∈G

gHg−1 ∪ {1}.

Then |N | = |G : H| (as a set). If M ⊴G with H ∩M = 1, then M ⊆ N follows.

Proof. For x, y ∈ G we have

xHx−1 = yHy−1 ⇐⇒ y−1x ∈ NG(H) = H ⇐⇒ xH = yH.

In the case xHx−1 ̸= yHy−1 we have |xHx−1∩yHy−1| = |x(H∩x−1yHy−1x)x−1| = |H∩x−1yHy−1x| =
1. This shows ∣∣∣∣⋃

g∈G
gHg−1

∣∣∣∣ = |G : H|(|H| − 1) + 1.

It follows that |N | = |G| − |G : H|(|H| − 1) = |G : H|. For M ⊴ G with H ∩M = 1 we also have
gHg−1 ∩M = g(H ∩M)g−1 = 1 for all g ∈ G. Thus M ⊆ N .

Lemma 5.7. Let H be a Frobenius complement in G, and let ψ ∈ CF(H) with ψ(1) = 0. Then
(ψG)H = ψ.

Proof. Let 1 ̸= h ∈ H and g ∈ G with ghg−1 ∈ H. Then 1 ̸= ghg−1 ∈ H ∩ gHg−1 and g ∈ H. By
definition, we thus have

ψG(h) =
1

|H|
∑
g∈H

ψ(ghg−1) =
1

|H|
∑
g∈H

ψ(h) = ψ(h).

Furthermore, ψG(1) = |G : H|ψ(1) = 0 = ψ(1).

Theorem 5.8 (Frobenius). Let G be a Frobenius group with Frobenius complement H. Then there
exists an N ⊴G with G = HN and H ∩N = 1.

Proof. Let 1H ̸= ψ ∈ Irr(H) and θ := ψ−ψ(1)1H . Then certainly θ ∈ CF(H) and θ(1) = 0. According
to Lemma 5.7,

1 + ψ(1)2 = (θ, θ)H = (θ, (θG)H)H = (θG, θG)G.

Furthermore, (θG, 1G)G = (θ, 1H)H = −ψ(1). Consequently, ψ̃ := θG + ψ(1)1G ∈ CF(G) with

(ψ̃, ψ̃)G = (θG, θG)G + 2ψ(1)(θG, 1G)G + ψ(1)2 = 1.

Like θ, θG and ψ̃ are also virtual characters (Remark 1.26). Thus ±ψ̃ ∈ Irr(G). For h ∈ H, it holds
that

ψ̃(h) = θG(h) + ψ(1) = θ(h) + ψ(1) = ψ(h).

In particular, ψ̃(1) = ψ(1) > 0. This shows ψ̃ ∈ Irr(G) with ψ̃H = ψ. We additionally set 1̃H := 1G.
Let

M :=
⋂

ψ∈Irr(H)

Ker(ψ̃)⊴G.

Then
M ∩H ⊆

⋂
ψ∈Irr(H)

Ker(ψ) = 1
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according to Exercise 9. According to Lemma 5.6, it follows that M ⊆ N . Conversely, for g ∈ N , it
holds that

ψ̃(g)− ψ̃(1) = ψ̃(g)− ψ(1) = θG(g) =
1

|H|
∑
x∈G,

g∈x−1Hx

θ(xgx−1) = 0

for all ψ ∈ Irr(H). This shows N ⊆ M and N = M ⊴ G. Because |N | = |G : H|, it also holds that
|HN | = |H||N | = |G| and G = HN .

Definition 5.9. In the situation of Theorem 5.8, N is called the Frobenius kernel of G.

Remark 5.10.

(i) No proof of Theorem 5.8 is known that manages without character theory.

(ii) Thompson has shown that the Frobenius kernelN is always nilpotent, i. e., N is the direct product
of its Sylow subgroups.

Theorem 5.11. Let G be a Frobenius group with Frobenius kernel N . Then

Irr(G) = Irr(G/N) ∪ {ψG : 1N ̸= ψ ∈ Irr(N)}.

Proof. Let H be a Frobenius complement of G. Then H acts on Cl(N) by hC := {hxh−1 : x ∈ C}.
One also easily shows that H acts on Irr(N) by conjugation. In this case, hψ(hC) = ψ(C) holds for
h ∈ H, ψ ∈ Irr(N) and C ∈ Cl(N). We count the fixed points of h ∈ H \ {1} on Cl(N). First, let
hxh−1 = x ∈ N . Then x−1hx = h ∈ H ∩ x−1Hx and x = 1. The orbits of ⟨h⟩ on N \ {1} therefore
have length |⟨h⟩|. If C ∈ Cl(N) \ {{1}} is a fixed point of ⟨h⟩, then |⟨h⟩|

∣∣ |C| follows. On the other
hand, |C|

∣∣ |N |. This contradicts Exercise 16. Thus {1} is the only fixed point of ⟨h⟩ on Cl(N). By
Brauer’s permutation lemma, it follows that

{ψ ∈ Irr(N) : hψ = ψ} = {1N}

for all h ̸= 1. Let 1N ̸= ψ ∈ Irr(N). Then Gψ = N and ψG ∈ Irr(G) by Theorem 4.13. By Theorem 4.11,
there exists an e ∈ N such that (ψG)N = e

∑
gN∈G/N

gψ. If ψ,ψ1 ∈ Irr(N) are not conjugate, then
ψG ̸= ψG1 . For a χ ∈ Irr(G/N), it is obvious that χN = χ(1)1N and thus χ /∈ {ψG : 1N ̸= ψ ∈ Irr(N)}.
Let R be a transversal for the conjugacy classes of Irr(N) \ {1N} under H. Then∑
χ∈Irr(G/N)

χ(1)2 +
∑
ψ∈R

ψG(1)2 = |G/N |+ |G/N |2
∑
ψ∈R

ψ(1)2 = |G/N |+ |G/N |
∑
h∈H

∑
ψ∈R

(hψ)(1)2

= |G/N |+ |G/N |
∑

1N ̸=ψ∈Irr(N)

ψ(1)2 = |G/N |+ |G/N |(|N | − 1) = |G|.

Thus we have found all irreducible characters of G.

6 Induction Theorems

Remark 6.1.

(i) Often one constructs the character table of G by inducing characters from H ≤ G. We will see
in this chapter which subgroups H must be considered for this purpose.
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(ii) For subgroups H,K ≤ G, H ×K acts on G by (h,k)g = hgk−1 for h ∈ H, k ∈ K and g ∈ G. The
orbits HgK are called double cosets. We denote the set of double cosets by H\G/K.

Theorem 6.2 (Mackey Formula). Let H,K ≤ G and φ ∈ CF(H). Then

(φG)K =
∑

KgH∈K\G/H

((gφ)K∩gHg−1)K .

Proof. Let R be a system of representatives for K\G/H and for r ∈ R let Sr be a system of represen-
tatives for K/K ∩ rHr−1. For every k ∈ K there exist s ∈ Sr and x ∈ K ∩ rHr−1 with k = sx and
krH = sxrH = sr(r−1xr)H = srH. For s, t ∈ Sr it holds that

srK = trK ⇐⇒ s(K ∩ rHr−1) = K ∩ srHr−1 = K ∩ trHr−1 = t(K ∩ rHr−1) ⇐⇒ s = t.

This shows
G =

⋃̇
r∈R

KrH =
⋃̇
r∈R

⋃̇
s∈Sr

srH (disjoint).

According to Remark 4.4, for x ∈ K it holds that:

(φG)(x) =
∑

gH∈G/H,
xgH=gH

gφ(x) =
∑
r∈R

∑
s∈Sr,

xsrH=srH

srφ(x)

=
∑
r∈R

∑
s∈Sr,

xs(rHr−1)=s(rHr−1)

s(rφ)(x) =
∑
r∈R

((rφ)K∩gHg−1)K(x).

Definition 6.3.

(i) A group H is called (p-)quasielementary for a prime p if H has a cyclic normal subgroup N with
p ∤ |N |, such that H/N is a p-group (i. e. N is a p′-Hall normal subgroup).

(ii) A group H is called (p-)elementary for a prime p if H is a direct product of a p-Sylow group and
a cyclic group. Obviously, elementary groups are also quasielementary.

Lemma 6.4. For every prime p and every x ∈ G there exists a p-quasielementary subgroup H ≤ G
with p ∤ 1GH(x) ∈ Z.

Proof. We write ⟨x⟩ = P × Q with P ∈ Sylp(⟨x⟩) and choose H/Q ∈ Sylp(NG(Q)/Q). Since Q
is cyclic, H is p-quasielementary. For g ∈ G with gxg−1 ∈ H, it follows that gQg−1 ⊆ H. Thus
gQg−1 ⊆ {y ∈ H : p ∤ |⟨y⟩} = Q and g ∈ NG(Q). This shows

1GH(x) =
1

|H|
∑
g∈G,

gxg−1∈H

1 =
1

|H|
|{g ∈ NG(Q) : gxg−1 ∈ H}| = 1

|H|
|{g ∈ NG(Q) : g−1xg ∈ H}|

= |{gH ∈ NG(Q)/H : xgH = gH}|.

We must therefore count the fixed points of the action α : ⟨x⟩ → Sym(NG(Q)/H) by left multiplication.
Because of QgH = gQH = gH for g ∈ NG(Q), we have Q ≤ Ker(α). Since xQ ∈ ⟨x⟩/Q ∼= P is a p-
element, α(x) is also a p-element. In particular, α(x) decomposes into cycles whose lengths are powers
of p. This yields

1GH(x) = |{gH ∈ NG(Q)/H : xgH = gH}| ≡ |NG(Q)/H| ̸≡ 0 (mod p).
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Theorem 6.5 (Solomon). There exist aH ∈ Z with

1G =
∑
H≤G,

H quasielementary

aH1
G
H .

Proof. Let

Q(G) :=

{ ∑
H≤G quasiel.

aH1
G
H : aH ∈ Z

}
.

For x ∈ G let Ux := {λ(x) : λ ∈ Q(G)}. Because −λ ∈ Q(G) for λ ∈ Q(G), Ux is a subgroup of (Z,+),
i. e. Ux = nZ for some n ∈ Z. According to Lemma 6.4, Ux ⊈ pZ for every prime p. This shows Ux = Z.
We choose λx ∈ Q(G) with λx(x) = 1 for x ∈ G. For quasielementary subgroups H,K ≤ G and g ∈ G,
H ∩ gKg−1 ≤ H is also quasielementary (Exercise 17). The Mackey formula thus shows

1GH1
G
K

4.5(ii)
= (1H(1

G
K)H)

G = ((1GK)H)
G =

( ∑
HgK∈H\G/K

((1gKg−1)H∩gKg−1)H
)G

4.5(i)
=

∑
HgK∈H\G/K

(1H∩gKg−1)G ∈ Q(G).

In particular, Q(G) is closed under addition and multiplication. By expanding the equation∏
x∈G

(1G − λx) = 0,

one obtains a representation for 1G in the desired form.

Lemma 6.6. Let H be elementary and χ ∈ Irr(H). Then there exist K ≤ H and λ ∈ Irr(K) with
λ(1) = 1 and λH = χ.

Proof (Mann). Let H be a minimal counterexample. We write H = P × Q with P ∈ Sylp(H).
According to Theorem 2.5, χ = ψλ with ψ ∈ Irr(P ) and λ ∈ Irr(Q). In the case Q ̸= 1, there exist
P1 ≤ P , ψ1 ∈ Irr(P1) with ψ1(1) = 1 and ψ = ψP1 . Then χ = ψP1 (1Pλ) = (ψ1λ)

H with ψ1λ ∈ Irr(P1×Q)
according to Theorem 4.5(ii). Since Q is abelian, it also holds that (ψ1λ)(1) = ψ1(1)λ(1) = 1. This
contradiction shows Q = 1, i. e. H is a p-group.

For λ ∈ Irr(H) with λ(1) = 1, we have χλ ∈ Irr(H) (Exercise 6). In the case χλ = χ, it follows
that 1 = (χ, χλ)H = (χχ, λ)H , i. e. λ is an irreducible constituent of χχ with multiplicity 1. Write
χχ = 1H + λ1 + . . .+ λr +

∑s
i=1 aiψi with λ1(1) = . . . = λr(1) = 1 < ψ1(1) ≤ . . . ≤ ψs(1). Then

r + 1 ≡ r + 1 +

s∑
i=1

aiψi(1) = (χχ)(1) = χ(1)2 ≡ 0 (mod p)

and r ̸= 0. Thus, let 1H ̸= λ ∈ Irr(H) with χλ = χ. For x ∈ H\Ker(λ), we then have (1H−λ)(x)χ(x) =
(χ− λχ)(x) = 0 and thus χ(x) = 0. Choose a maximal subgroup M < H with Ker(λ) ⊆ M . Because
of H ′ ⊆ Ker(λ), it follows that M ⊴H. Since H/M contains an element of order p, |H :M | = p follows
from the maximality of M . Let ψ ∈ Irr(M) with (χM , ψ)M ̸= 0. In the case Hψ =M , we have ψH = χ
according to Clifford. Because of M < H, there exist M1 ≤ M and ψ1 ∈ Irr(M1) with ψ1(1) = 1 and
ψM1 = ψ. According to Theorem 4.5(i), it then follows that ψH1 = (ψM1 )H = ψH = χ. This contradiction
shows Hψ = H. Thus χM = eψ for some e ∈ N according to Theorem 4.11. Because of χ(1) = eψ(1),
e is a p-power. From Theorem 4.15 it now follows that e = 1, i. e. χM = ψ. According to Gallagher,
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ψH = χ1 + . . .+ χp with pairwise distinct χi ∈ Irr(H) and χ1 = χ. Furthermore, all χi have the same
degree. In particular, (χi)M = ψ for i = 1, . . . , p. Since ψH and χ vanish on H \M (⊆ H \ Ker(λ)),
χ2 + . . .+ χp also vanishes on H \M . This yields the contradiction

0 = |H|(χ1, χ2 + . . .+ χp)H =
∑
x∈M

χ1(x)(χ2 + . . .+ χp)(x) = |M |(p− 1)(ψ,ψ)M = |M |(p− 1).

Theorem 6.7 (Brauer’s Induction Theorem). For every (virtual) character χ of G, there exist
aH,ψ ∈ Z with

χ =
∑
H≤G,

H elementar

∑
ψ∈Irr(H),
ψ(1)=1

aH,ψψ
G.

Proof. Obviously we can assume that χ is irreducible. According to Lemma 6.6 we can neglect the
condition ψ(1) = 1. If one has found the desired representation for the character 1G, then one obtains
a corresponding representation for χ by multiplication with χ (note: χψG = (χHψ)

G). We can therefore
assume χ = 1G. According to Solomon we can also assume that G is p-quasielementary for a prime
p. Let G be a minimal counterexample, and let P ∈ Sylp(G). Then P possesses a cyclic, normal
complement N in G.

We consider the elementary subgroup H := P CN (P ) ∼= P ×CN (P ). Since G is not elementary, H < G
holds. Because of (1GH , 1G)G = (1H , 1H)H = 1, ζ := 1GH − 1G is a character of G. If every irreducible
constituent of ζ is induced from a proper subgroup, then one easily obtains a desired representation
for 1G = 1GH − ζ from the minimality of G. Consequently, there exists a ψ ∈ Irr(G) with (ζ, ψ)G ̸= 0,
such that ψ is not induced from a proper subgroup. For g ∈ G, NgH = gNH = G holds. According to
Mackey, we therefore have 1N + ζN = (1GH)N = 1NN∩H . This shows (1N + ζN , 1N )N = (1NN∩H , 1N )N =
(1N∩H , 1N∩H)N∩H = 1 and (ψN , 1N )N ≤ (ζN , 1N )N = 0. We can therefore choose 1N ̸= λ ∈ Irr(N)
with (ψN , λ)N ̸= 0. Write N = ⟨x⟩. For g ∈ G, then gxg−1 = xr for some r ∈ Z because of N ⊴ G.
Furthermore, there exists an s ∈ Z with N ∩ H = CN (P ) = ⟨xs⟩. Then gxsg−1 = xsr = (xs)r. This
shows CN (P )⊴G. For a ∈ CN (P ) ⊆ H, we therefore have

1GH(a) =
1

|H|
∑
g∈G,

gag−1∈H

1 = |G : H| = 1GH(1).

Thus CN (P ) ⊆ Ker(1GH) = Ker(ζ) ⊆ Ker(ψ) according to Exercise 9. Analogously, CN (P ) ⊆ Ker(ψ)∩
N = Ker(ψN ) ⊆ Ker(λ). Since ψ is not induced from any proper subgroup, Gλ = G follows according
to Clifford. In particular, λ(y−1xy) = yλ(x) = λ(x) for y ∈ P . Thus yxy−1 ∈ xKer(λ) (note: λ(1) = 1).
As above, one shows Ker(λ) ⊴ G (as a subgroup of the cyclic normal subgroup N). Consequently, P
acts on the coset xKer(λ) by conjugation. Counting the orbits yields

|xKer(λ) ∩ CN (P )| ≡ |xKer(λ)| = |Ker(λ)| ̸≡ 0 (mod p).

This shows ∅ ̸= xKer(λ) ∩ CN (P ) ⊆ xKer(λ) ∩Ker(λ) and x ∈ Ker(λ). Thus N = ⟨x⟩ ⊆ Ker(λ) and
λ = 1N . Contradiction.

Theorem 6.8. A class function χ of G is an irreducible character if and only if the following conditions
hold:

(i) For every elementary subgroup H ≤ G, χH is a virtual character.

(ii) (χ, χ)G = 1.
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(iii) χ(1) > 0.

Proof. For χ ∈ Irr(G), (i)–(iii) obviously hold. Conversely, let χ ∈ CF(G) such that (i)–(iii) hold.
According to Theorem 6.7, there exist aH,ψ ∈ Z with

1G =
∑
H≤G,

H elementar

∑
ψ∈Irr(H)

aH,ψψ
G. (∗)

By assumption, ψχH and ψGχ = (ψχH)
G are virtual characters for ψ ∈ Irr(H). Multiplying (∗) by χ,

one sees that χ is a virtual character of G. Thus there exist aφ ∈ Z with χ =
∑

φ∈Irr(G) aφφ. Because
of 1 = (χ, χ)G =

∑
φ∈Irr(G) a

2
φ, it follows that ±χ ∈ Irr(G). From χ(1) > 0, it finally follows that

χ ∈ Irr(G).

Theorem 6.9 (Artin). For every character χ of G, there exist aC,ψ ∈ Q with

χ =
∑
C≤G,
C cyclic

∑
ψ∈Irr(C)

aC,ψψ
G.

Proof. As in Theorem 6.7, we can assume χ = 1G. We define an equivalence relation on G by

x ≈ y :⇐⇒ ∃g ∈ G : ⟨x⟩ = g⟨y⟩g−1.

For an equivalence class K of ≈, it suffices to show that the characteristic function

χK(x) :=

{
1 if x ∈ K,

0 if x /∈ K

has the desired form, because χ is the sum of all χK .

Let x ∈ K be fixed. We argue by induction on n := |⟨x⟩|. For n = 1, we have K = {1} and
χK = |G|−11G1 (see Example 4.8). So let n > 1. For C := ⟨x⟩ and y ∈ G, we have

1GC(y) = |{gC ∈ G/C : g−1yg ∈ C}|

according to Remark 4.4. Let z ∈ G with ⟨z⟩ = ⟨y⟩. Then

g−1yg ∈ C ⇐⇒ g−1⟨y⟩g ≤ C ⇐⇒ g−1⟨z⟩g ≤ C ⇐⇒ g−1zg ∈ C

for g ∈ G and therefore 1GC(z) = 1GC(y). Since 1GC is also a class function, 1GC is even constant on the
≈-classes. We choose a ∈ Q with a1GC(x) = 1. If no conjugate of y lies in C, then clearly 1GC(y) = 0.
Now let ⟨y⟩ < C and let Ky be the ≈-class of y. By induction, χKy can be written in the desired form.
Thus, −a1GCχKy can also be written in the desired form. Summing over these functions, it follows that

β(y) :=

{
−a1GC(y) if ⟨y⟩ < gCg−1 for some g ∈ G,

0 otherwise

also has the desired form. Finally, χK = a1GC + β also has the desired form.

Remark 6.10.

(i) In the following, we deal with K-representations , i. e., homomorphisms ∆: G→ GL(n,K), where
K is an arbitrary subfield of C.
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(ii) One easily sees that Maschke’s Theorem also holds for K-representations (in the proof, one only
needs char(K) ∤ |G|). Every K-representation can thus be written as a direct sum of irreducible
K-representations. The same applies to the K-characters.

(iii) Similarly, the following form of Schur’s Lemma holds: If ∆ and Γ are non-similar irreducible
K-representations and A∆(g) = Γ(g)A for all g ∈ G, then A = 0 (the full version of Schur’s
Lemma requires that K is algebraically closed).

(iv) Thus, part (i) of Lemma 1.18 also remains true for K-representations. For distinct irreducible
K-characters χ and ψ, we therefore have (χ, ψ)G = 0 (see proof of Theorem 1.19). Furthermore,
(χ, χ)G > 0, but not necessarily (χ, χ)G = 1 (Exercise 19).

Definition 6.11. One calls exp(G) := min{n ∈ N : gn = 1 ∀g ∈ G} the exponent of G.

Remark 6.12. Division with remainder yields numbers a, r ∈ Z with |G| = a exp(G) + r and 0 ≤
r < exp(G). Then gr = ga exp(G)+r = g|G| = 1 for all g ∈ G by Lagrange. This shows r = 0 and
exp(G)

∣∣ |G|.
Theorem 6.13 (Brauer). Let ∆: G→ GL(n,C) be a matrix representation and let ζ := e2πi/ exp(G).
Then ∆ can be realized over Q(ζ), i. e. by a suitable choice of basis one can assume ∆: G→ GL(n,Q(ζ)).

Proof. Let χ be the character of ∆. Let K := Q(ζ). By Brauer’s induction theorem, there exist
elementary subgroups H1, . . . ,Hm and λi ∈ Irr(Hi) with λi(1) = 1 and

χ =

m∑
i=1

aiλ
G
i

for certain ai ∈ Z. Because of λi(1) = 1, we have λi(h)exp(G) = λi(h
exp(G)) = λi(1) = 1 for h ∈ Hi.

Therefore, λi can be realized over K. By Exercise 14, λGi can therefore also be realized over K. We
write

λGi =
k∑
j=1

bijτj ,

where τ1, . . . , τk are the irreducible K-characters of G. Then

χ =

k∑
j=1

m∑
i=1

aibijτj .

By Remark 6.10, (τj , τj)G
∑m

i=1 aibij = (χ, τj)G ≥ 0 holds for j = 1, . . . , k, because τj is obviously
also a character (over C). Thus

∑m
i=1 aibij ≥ 0, and χ is a K-character. There exists therefore a K-

representation Γ with character χ. By Theorem 1.21, ∆ and Γ are similar. This shows the claim.

Remark 6.14.

(i) The characters of cyclic groups cannot be realized over any smaller field than in Theorem 6.13.

(ii) Theorem 6.13 makes it possible to realize representations on the computer, because every element
in Q(ζ) can be uniquely written in the form a0 + a1ζ + . . .+ akζ

k with k := φ(exp(G))− 1 and
a1, . . . , ak ∈ Q.
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Example 6.15. Let ∆ be a matrix representation with character χ. According to Theorem 6.13, we can
assume ∆: G→ GL(n,Q(ζ)) with ζ := e2πi/|G|. Let α ∈ G := Gal(Q(ζ)|Q). Obviously, α then induces
an automorphism on GL(n,Q(ζ)) by α((xij)

n
i,j=1) = (α(xij))

n
i,j=1. Consequently, α∆ := α ◦∆: G →

GL(n,Q(ζ)), g 7→ α(∆(g)) is also a matrix representation of G. Let m ∈ Z with α(ζ) = ζm. For the
character αχ of α∆, it then holds that αχ(g) = Traceα(∆(g)) = α(χ(g)) = χ(gm) for g ∈ G (see proof
of Lemma 2.12 and Exercise 5). Conversely, it is known from Algebra 1 that for every m ∈ Z with
gcd(m, |G|) = 1, there exists an α ∈ G with α(ζ) = ζm (G ∼= (Z/|G|Z)×). In this case, g 7→ χ(gm) is
therefore always a character of G. For m = −1, one obtains αχ = χ. For χ ∈ Irr(G), αχ ∈ Irr(G) also
holds, because

(αχ, αχ)G =
1

|G|
∑
g∈G

α(χ(g))α(χ(g−1)) = α((χ, χ)G) = α(1) = 1.

If χ(g) /∈ Z for some g ∈ G, then there always exists an α ∈ G with αχ ̸= χ, because Q(ζ)|Q is a
Galois extension. One calls χ and αχ algebraically conjugate. In this way, one can frequently construct
characters.

Remark 6.16. A group H is called an M-group, if every irreducible character of H is the induction
of a character of degree 1 (i.e., every irreducible character is monomial). According to Lemma 6.6,
elementary groups are M-groups. We will conversely show that every M-group is solvable.

Lemma 6.17. Let ψ be a character of H ≤ G. Then

Ker(ψG) =
⋂
g∈G

gKer(ψ)g−1.

Proof. It holds that

x ∈ Ker(ψG) ⇐⇒ ψG(x) = ψG(1) = |G : H|ψ(1) ⇐⇒
∑
g∈G,

gxg−1∈H

ψ(gxg−1) = |G|ψ(1).

For x ∈ Ker(ψG) we thus have

|G|ψ(1) =
∣∣∣∣ ∑

g∈G,
gxg−1∈H

ψ(gxg−1)

∣∣∣∣ ≤ ∑
g∈G,

gxg−1∈H

|ψ(gxg−1)| ≤ |G|ψ(1)

by Lemma 2.12. The Cauchy-Schwarz inequality (cf. proof of Lemma 2.12) implies gxg−1 ∈ H and
ψ(gxg−1) = ψ(x) for all g ∈ G. Thus

|G|ψ(1) =
∑
g∈G

ψ(gxg−1) = |G|ψ(x)

and ψ(gxg−1) = ψ(1) for all g ∈ G. This shows

x ∈ Ker(ψG) ⇐⇒ ∀g ∈ G : gxg−1 ∈ Ker(ψ) ⇐⇒ x ∈
⋂
g∈G

gKer(ψ)g−1.

Definition 6.18. We define G(1) := G′ and G(i) := (G(i−1))′ for i ≥ 2.
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Remark 6.19.

(i) As is well known, G(1) = G′ ⊴ G. Let us assume inductively that G(i−1) ⊴ G holds. Let g ∈ G.
Then the map G(i−1) → G(i−1), x 7→ gxg−1 is an automorphism α ∈ Aut(G(i−1)). By Remark 2.9
it follows that gG(i)g−1 = α((G(i−1))′) = (G(i−1))′ = G(i). Thus all G(i) are normal in G.

(ii) As is well known, G is solvable if and only if there exists a k ∈ N with G(k) = 1.

Theorem 6.20 (Taketa). Every finite M-group is solvable.

Proof. Let G be an M-group. Let 1 = α1 < α2 < . . . < αk be the degrees of the irreducible characters
of G (without multiplicities). We first show G(i) ⊆ Ker(χ) for all χ ∈ Irr(G) with χ(1) = αi. For
i = 1, χ has degree 1 and G(1) = G′ ⊆ Ker(χ) holds. Now let i > 1. We argue by induction on i.
By assumption, there exist H < G and λ ∈ Irr(H) with λ(1) = 1 and χ = λG. Because H < G and
(1GH , 1G)G = (1H , 1H)H = 1, 1GH is reducible. For every irreducible constituent ψ of 1GH , it thus holds
that ψ(1) < 1GH(1) = |G : H| = λG(1) = χ(1). By induction, G(i−1) ⊆ Ker(ψ). By Exercise 9 and
Lemma 6.17, this also implies G(i−1) ⊆ Ker(1GH) ⊆ H. It follows that G(i) = (G(i−1))′ ⊆ H ′ ⊆ Ker(λ).
Since G(i) ⊴G, Lemma 6.17 also shows

G(i) ⊆
⋂
g∈G

gKer(λ)g−1 = Ker(χ).

In particular,
G(k) ⊆

⋂
χ∈Irr(G)

Ker(χ) = 1

by Exercise 9, i. e. G is solvable.

Remark 6.21. Not every solvable group is an M-group (see Exercise 20).

7 Frobenius-Schur Indicators

Remark 7.1. We concern ourselves with the question of how many “roots” an element g ∈ G has.

Definition 7.2. For n ∈ N and g ∈ G let

θn(g) := |{h ∈ G : hn = g}|.

Remark 7.3.

(i) In the case gcd(n, |G|) = 1, it holds that θn(g) = 1 for all g ∈ G, because the map G → G,
g 7→ gn is a bijection.

(ii) Obviously θn is a class function, i. e. we can write

θn =
∑

χ∈Irr(G)

νn(χ)χ

with νn(χ) ∈ C.
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Lemma 7.4. For all χ ∈ Irr(G) and n ∈ N we have

νn(χ) =
1

|G|
∑
g∈G

χ(gn).

Proof. It holds that

νn(χ) = (χ, θn)G =
1

|G|
∑
g∈G

χ(g)θn(g) =
1

|G|
∑
g∈G

∑
h∈G,
hn=g

χ(hn) =
1

|G|
∑
h∈G

∑
g∈G,
hn=g

χ(hn) =
1

|G|
∑
h∈G

χ(hn).

Definition 7.5. One calls ν2(χ) the Frobenius-Schur indicator of χ ∈ Irr(G).

Theorem 7.6. For χ ∈ Irr(G) it holds:

ν2(χ) =

{
±1 if χ = χ,

0 otherwise.

Proof. Let ∆: G → GL(n,C), g 7→ (γij(g))
n
i,j=1 be a matrix representation with character χ. We

consider the representation ∆2 := ∆⊗∆: G→ GL(n2,C) (see Remark 2.2 and Remark 2.4). As there,
let i 7→ (i1, i2) be a bijection between {1, . . . , n2} and {1, . . . , n}2. It is easy to see that

U := {(a1, . . . , an2) ∈ Cn
2
: ai = −aj if (i1, i2) = (j2, j1)}

is a subspace of Cn2 . For (a1, . . . , an2) ∈ U and g ∈ G, we have

(∆2(g))(a1, . . . , an2) =

( n2∑
j=1

ajγi1j1(g)γi2j2(g)

)n2

i=1

.

Let k ∈ {1, . . . , n2} with (k1, k2) = (i2, i1). Then

n2∑
j=1

ajγi1j1(g)γi2j2(g) = −
n2∑
j=1

ajγi1j2(g)γi2j1(g) = −
n2∑
j=1

ajγk1j1(g)γk2j2(g).

Thus (∆2(g))(a1, . . . , an2) ∈ U and U is ∆2-invariant. By Maschke, there exists a ∆2-invariant com-
plement V ≤ Cn2 of U . Let Λ2 : G→ GL(U) and S2 : G→ GL(V ) be the corresponding subrepresen-
tations (so ∆2 = Λ2 ⊕ S2). wlog. let i1 < i2 for i = 1, . . . , n(n− 1)/2. We choose i′ ∈ {1, . . . , n2} with
(i′1, i

′
2) = (i2, i1). Then {bi := ei − ei′ : i = 1, . . . , n(n− 1)/2} is a basis of U , where ei is the standard

basis of Cn2 . Then

(Λ2(g))(bi) = (∆2(g))(bi) =
(
γj1i1(g)γj2i2(g)− γj1i2(g)γj2i1(g)

)n2

j=1

=

n(n−1)
2∑
j=1

(
γj1i1(g)γj2i2(g)− γj1i2(g)γj2i1(g)

)
bj
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for g ∈ G and i = 1, . . . , n(n− 1)/2. For the character λ of Λ2, it thus holds that

λ(g) =

n(n−1)
2∑
i=1

γi1i1(g)γi2i2(g)− γi1i2(g)γi2i1(g) =
1

2

( n∑
i=1

γii(g)

)2

− 1

2

( n∑
i,j=1

γij(g)γji(g)︸ ︷︷ ︸
=Trace∆(g)2

=Trace∆(g2)

)

=
1

2

(
χ(g)2 − χ(g2)

)
for g ∈ G. Since λ is a constituent of χ2 (∆2 = Λ2⊕S2), we have 0 ≤ (λ, 1G)G ≤ (χ2, 1G)G = (χ, χ)G ≤
1. According to Lemma 7.4, it follows that

ν2(χ) = (χ2 − 2λ, 1G)G = (χ2, 1G)G − 2(λ, 1G)G = (χ, χ)G − 2(λ, 1G)G =

{
±1 if χ = χ,

0 otherwise.

Remark 7.7.

(i) The representation Λ2 (resp. S2) constructed in the proof is called the alternating (resp. symmet-
ric) square of ∆.

(ii) It holds that ν2(χ) = 1 if and only if an R-representation with character χ exists (without proof).

Definition 7.8. An element of order 2 in G is called an involution.

Theorem 7.9. The number of involutions in G is∑
χ∈Irr(G)

ν2(χ)χ(1)− 1 =
∑

χ∈Irr(G),
χ=χ̸=1G

ν2(χ)χ(1).

Proof. This follows from |{x ∈ G : x2 = 1}| = θ2(1).

Lemma 7.10. Let t > 0 be the number of involutions in G. Then there exists an x ∈ G \ {1} with
|G : CG(x)| ≤ (|G|/t)2.

Proof. Let S := {χ ∈ Irr(G) : 1G ̸= χ = χ}. According to Theorem 7.9, 0 < t ≤
∑

χ∈S χ(1). In
particular, S ̸= ∅. From the Cauchy-Schwarz inequality it follows that

t2 ≤
(∑
χ∈S

χ(1)

)2

≤
∑
χ∈S

12
∑
χ∈S

χ(1)2 = |S|
∑
χ∈S

χ(1)2 ≤ |S||G| ≤ (k(G)− 1)|G|.

If every non-trivial conjugacy class of G had more than (|G|/t)2 elements, then

|G| − 1 > (k(G)− 1)
|G|2

t2
≥ |G|.

Theorem 7.11 (Brauer-Fowler). Let n ∈ N. Then there exist only finitely many simple groups G
with an involution x such that |CG(x)| ≤ n holds.
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Proof. If G is abelian, then |G| = |CG(x)| ≤ n and the claim is clear. So let G be non-abelian. The
conjugacy class of x in G contains |G : CG(x)| ≥ |G|/n elements. This is therefore a lower bound for the
number of involutions in G. According to Lemma 7.10, there exists a y ∈ G \ {1} with |G : CG(y)| ≤
(|G|/(|G|/n))2 = n2. Since G is simple and non-abelian, CG(y) < G also holds. As usual, G acts
transitively (and thus non-trivially) on G/CG(y) by left multiplication (i. e. g(hCG(y)) := ghCG(y)).
The corresponding homomorphism α : G→ Sym(G/CG(y)) is then also non-trivial. Since G is simple,
it follows that Ker(α) = 1. In particular, |G| ≤ |Sym(G/CG(y))| ≤ n2!. The claim follows.

Remark 7.12. According to Feit-Thompson (“Groups of odd order are solvable”), every simple, non-
abelian group possesses an involution. The Brauer-Fowler theorem was the fundamental idea behind
the classification of finite simple groups.

Lemma 7.13. Let pn be a prime power. The sum of the primitive pn-th roots of unity in C is 1 if
n = 0, −1 if n = 1 or 0 if n ≥ 2.

Proof. We can assume n ≥ 1. For ζ := e2πi/p
n ∈ C it then holds that

∑pn−1
i=0 ζi = ζp

n−1
ζ−1 = 0. For n = 1

the sum of the primitive roots of unity is
∑p−1

i=1 ζ
i = −1. For n ≥ 2 it follows that

∑
0<i<pn

gcd(i,p)=1

ζi =

pn−1∑
i=0

ζi −
pn−1−1∑
i=0

ζpi = 0.

Theorem 7.14 (Frobenius). For all n ∈ N and χ ∈ Irr(G) it holds that

1

gcd(n, |G|)
∑
g∈G,
gn=1

χ(g) ∈ Z.

In particular, gcd(n, |G|) | θn(1).

Proof. Let ρ be the regular character of G. We first show that τ(g) := ρ(gn)/ gcd(n, |G|) for g ∈ G is
a virtual character of G. According to Brauer (see proof of Theorem 6.8), it suffices to show that τE
is virtual for every elementary subgroup E ≤ G. Let ρ1 be the regular character of E. For g ∈ E, we
then have

τE(g) =
ρ(gn)

gcd(n, |G|)
=

|G : E| gcd(n, |E|)
gcd(n, |G|)︸ ︷︷ ︸

∈N

ρ1(g
n)

gcd(n, |E|)
.

Thus, we can assume G = E. Then G is the direct product of its Sylow subgroups G = P1 × . . .× Ps.
Let ρi be the regular character of Pi. For g = x1 . . . xs ∈ G (xi ∈ Pi), it then holds that

τ(G) =
ρ1(x

n
1 )

gcd(n, |P1|)
. . .

ρs(x
n
s )

gcd(n, |Ps|)
.

By induction on s, we can assume that G is a p-group. Let gcd(n, |G|) = pa. In the case pa+1 | n,
we have |G| = pa and τ(g) = ρ(1)/|G| = 1G(g). We can therefore assume n = pam with p ∤ m. Let
τ ′(g) := ρ(gp

a
)/pa for g ∈ G. If we can show that τ ′ is a virtual character of G, then this also holds

for τ , because τ(g) = τ ′(gm) for g ∈ G (see Example 6.15). We can therefore assume n = pa. For
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χ ∈ Irr(G), we must show: (χ, τ)G ∈ Z. According to Lemma 6.6, there exist H ≤ G and φ ∈ Irr(H)
with φ(1) = 1 and χ = φG. Thus, it suffices to show:

(χ, τ)G = (φ, τH)H =
|G : H|
pa

∑
h∈H,
hp
a
=1

φ(h) ∈ Z.

Let x ∈ H with |⟨x⟩| = pb > pa, and let φ(x) be a primitive pc-th root of unity. According to
Lemma 7.13, we have

∑
h∈H,

⟨h⟩=⟨x⟩

φ(h) =


pb−1(p− 1) if c = 0,

−pb−1 if c = 1,

0 otherwise

 ≡ 0 (mod pa).

Since x ∼ y :⇔ ⟨x⟩ = ⟨y⟩ is an equivalence relation on H, the following congruence holds:

|G : H|
∑
h∈H,
hp
a
=1

φ(h) ≡ |G : H|
( ∑
h∈H,
hp
a
=1

φ(h) +
∑
h∈H,
hp
a ̸=1

φ(h)

)
= |G|(φ, 1H)H ≡ 0 (mod pa).

This finally shows that τ is a virtual character for every finite group G. Because (χ, τ)G ∈ Z for
χ ∈ Irr(G), the first assertion follows. The second assertion is obtained by χ = 1G.

Remark 7.15.

(i) A similar proof shows gcd(n, |CG(g)|) | θn(g) for g ∈ G.

(ii) Using the classification of finite simple groups, it was possible to prove the following conjecture
of Frobenius:

θn(1) = n
∣∣ |G| =⇒ {g ∈ G : gn = 1}⊴G.

8 Normal Complements

Definition 8.1. Let P be the set of all prime numbers and π ⊆ P. We set π′ := P \ π. An element
x ∈ G is called a π-element , if every prime divisor of |⟨x⟩| lies in π. Analogously, G is a π-group, if
every prime divisor of |G| lies in π.

Remark 8.2.

(i) According to Lagrange and Cauchy, G is a π-group if and only if every element in G is a π-element.

(ii) Let x ∈ G. As is well known, ⟨x⟩ possesses for every prime number p exactly one (normal) p-
Sylow subgroup Sp. In particular, ⟨x⟩ =

∏
p∈P Sp. Consequently, there exist uniquely determined

xp ∈ Sp with x =
∏
p∈P xp. One calls xp the p-factor of x. For π ⊆ P let xπ :=

∏
p∈π xp. Then xπ

is the π-factor of x. Obviously x = xπxπ′ .

Theorem 8.3 (Brauer-Dade). Let N ⊴H ≤ G and π ⊆ P with the following properties:

(i) H/N is a π-group.

(ii) |G : H| is not divisible by any prime number in π.
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(iii) If x, y ∈ H are conjugate in G, then xN, yN are conjugate in H/N .

(iv) If h is a π-element in H \N and P ∈ Sylp(CG(h)) for a prime number p ∈ π with p ∤ |⟨h⟩|, then
⟨h⟩P is conjugate to a subgroup of H.

Then there exists a normal subgroup M ⊴G with G = HM and H ∩M = N .

Remark 8.4. If one has already proven the existence of M , then one can construct Irr(G/M) from
Irr(H/N) and the isomorphism G/M = HM/M ∼= H/H ∩M = H/N . In the proof of Theorem 8.3,
one proceeds in the opposite direction and first constructs the inflation of the characters in Irr(G/M)
and obtains M as the intersection of the kernels of these characters (cf. proof of Theorem 5.8).

Proof. Let Cl(H/N) = {C1, . . . , Ck} and C1 = {1}. For i = 1, . . . , k let

Bi := {h ∈ H : hN ∈ Ci},

so B1 = N and H =
⋃k
i=1Bi. For i = 2, . . . , k let

Ai := {g ∈ G : gπ is conjugate to an element in Bi}.

With A1 := G \
⋃k
i=2Ai, we then have G =

⋃k
i=1Ai.

For i = 1, . . . , k, Ai is a union of conjugacy classes in G.

Claim 1: G =
⋃̇k

i=1Ai.
Proof: Let g ∈ Ai∩Aj and wlog. i ̸= 1 ̸= j, then gπ is conjugate to an element hi ∈ Bi and an element
hj ∈ Bj . Consequently, there exists an x ∈ G with xhix

−1 = hj . Because of (iii), hiN and hjN are
then conjugate in H/N , i. e. i = j.

Claim 2: Ai ∩H = Bi.
Proof: First let i ≥ 2 and h = hπhπ′ ∈ Bi. Then hπ′ ∈ N by (i), so hN = hπN and thus hπ ∈ Bi
and h ∈ Ai ∩H. Conversely, if h ∈ Ai ∩H, then hπ is conjugate to an element in Bi. Consequently,
hN = hπN ∈ Ci because of (iii) and thus h ∈ Bi. By definition, A1 ∩ H = H \

⋃k
i=2(Ai ∩ H) =

H \
⋃k
i=2Bi = B1.

For p ∈ π, H contains a p-Sylow subgroup of G because of (ii). Therefore, every p-element x ∈ G is
conjugate to an element y ∈ H. We say that x is of type I in the case y ∈ H \N and of type II in the
case y ∈ N . By (iii), x is either of type I or of type II, but not both. For each g ∈ G we set

α(g) :=
∏
p∈π,

gp of type I

gp and β(g) :=
∏
p∈π,

gp of type II

gp.

Then g = α(g)β(g)gπ′ .

Claim 3: For every g ∈ G with α(g) ̸= 1, gπ is conjugate to an element in H \N .
Proof: If gπ is a p-element for a prime p, then gπ is of type I because of α(g) ̸= 1, and we are done.
If gπ is not a p-element, then there exists a prime divisor p of |⟨gπ⟩| with gπ = xgp and α(x) ̸= 1 for
x := gπ\{p}. Consequently, there exists a q ∈ π \ {p} such that gq is of type I. Arguing by induction on
the number of prime factors of |⟨gπ⟩|, we can assume that x is conjugate to an element in H \N . By
replacing g with a conjugate, we can even assume x ∈ H \N . Let P ∈ Sylp(CG(x)) with gp ∈ P . By
(iv), ⟨x⟩P is conjugate to a subgroup of H. In particular, gπ = xgp is conjugate to an element h ∈ H.
In the case h ∈ N , we would have hq ∈ N . But then gq would be of type II. Thus h /∈ N , and the
claim is proven.
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Claim 4: A1 = {g ∈ G : α(g) = 1}.
Proof: Indeed, if g ∈ G with α(g) ̸= 1, then g ∈ Ai for some i ∈ {2, . . . , k} by Claim 3. Conversely,
if g ∈ Ai for some i ∈ {2, . . . , k}, then gπ is conjugate to an element h ∈ Bi. Consequently, α(g) is
conjugate to α(h) and β(g) to β(h). Every p-factor y of β(h) thus lies in H and is conjugate to an
element in N . By (iii), we have y ∈ N . This shows: β(h) ∈ N . Consequently, α(h)N = α(h)β(h)N =
hN ∈ Ci and thus α(h) ∈ Bi. In particular, α(h) ̸= 1 and α(g) ̸= 1.

Claim 5: g ∈ Ai =⇒ α(g), gπ ∈ Ai.
Proof: For g ∈ Ai, gπ ∈ Ai by the definition of Ai. For i = 1, α(g) = 1 ∈ B1 ⊆ A1 by Claim 4. So let
i ≥ 2. Then, as above, α(g) is conjugate to an element α(h) ∈ Bi ⊆ Ai, so also α(g) ∈ Ai.

Claim 6: α(g) = 1 =⇒ α(gn) = 1 for n ∈ N.
Proof: For α(g) = 1, every p-factor (for p ∈ π) of g is conjugate to an element in N . Therefore, every
p-factor of gn is also conjugate to an element of N . This shows α(gn) = 1.

Claim 7: If E = U × Q ≤ G is a π-subgroup with U = ⟨u⟩, α(u) ̸= 1 and Q ∈ Sylp(E), then E is
conjugate to a subgroup of H.
Proof: Because of α(u) ̸= 1, u = uπ is conjugate to an element in H \N (Claim 3). By replacing E
with a conjugate, we can thus assume u ∈ H \N . Then the claim follows from (iv).

Let Irr(H/N) = {ψ1, . . . , ψk} ⊆ Irr(H). For i = 1, . . . , k, ψi is then constant on each Bj and possesses
exactly one extension χi ∈ CF(G) that is constant on each Aj . We show χi ∈ Irr(G) using Theorem 6.8.
For this, let E = Eπ×Eπ′ ≤ G be elementary, where Eπ is a π-group and Eπ′ is a π′-group. For x ∈ E,
we have xπ ∈ Eπ and χi(x) = χi(xπ), because x and xπ lie in the same Aj (Claim 5). Therefore,
(χi)E = (χi)Eπ1Eπ′ and we can assume E = Eπ (Exercise 17). Let E = U × Q with U = ⟨u⟩ and
Q ∈ Sylp(E). In the case α(u) ̸= 1, we can replace E with a conjugate and assume E ≤ H (Claim 7).
Then (χi)E = (ψi)E is a character of E. So let α(u) = 1. Let x = unv ∈ E with v ∈ Q. By Claim 6,
α(x) = α(umv) = α(um)α(v) = α(v) and

χi(x) = χi(α(x) β(x)︸︷︷︸
∈Ker(χi)

) = χi(α(x)) = χi(α(v)) = χi(v).

This shows (χi)E = 1U (χi)Q and we can assume E = Q. By Sylow, we can assume E ≤ H. But then
(χi)E = (ψi)E is a character of E. Thus χi is a virtual character of G.

For i = 1, . . . , k let bi ∈ Bi and θi :=
∑k

j=1 ψj(b
−1
i )χj . According to the second orthogonality relation

for H/N , we then have

(θi, 1G)G =
1

|G|
∑
g∈G

θi(g) =
1

|G|
∑
g∈G

k∑
j=1

ψj(b
−1
i )χj(g) =

1

|G|

k∑
r=1

|Ar|
k∑
j=1

ψj(b
−1
i )ψj(br)

=
|Ai|
|G|

|CH/N (biN)| = |Ai|
|G|

|H : N |
|Ci|

=
|Ai|

|G : H| · |Ci||N |
=

|Ai|
|G : H||Bi|

∈ Q.

On the other hand, the multiplicities of the irreducible constituents of θi are clearly algebraic integers.
By Lemma 3.5, we thus have (θi, 1G)G = |Ai|

|G:H||Bi| ∈ N and |Ai| ≥ |G : H||Bi|. Therefore,

|G| =
k∑
i=1

|Ai| ≥ |G : H|
k∑
i=1

|Bi| = |G : H||H| = |G|.
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For i = 1, . . . , k, we thus have |Ai| = |G : H||Bi|. Consequently,

(χi, χi)G =
1

|G|
∑
g∈G

χi(g)χi(g
−1) =

1

|G|

k∑
j=1

|Aj |ψi(bj)ψi(b−1
j )

=
1

|H|

k∑
j=1

|Bj |ψi(bj)ψi(b−1
j ) = (ψi, ψi)H = 1.

Because of χi(1) = ψi(1) > 0, we thus have χi ∈ Irr(G) by Theorem 6.8. Because of B1 = N =⋂k
i=1Ker(ψi), we have A1 ⊆

⋂k
i=1Ker(χi). For x ∈ Bi ⊆ Ai with i ≥ 2, there exists a ψj with

χj(x) = ψj(x) ̸= ψj(1) = χj(1). Thus A1 =
⋂k
i=1Ker(χi) ⊴ G with A1 ∩ H = B1 = N . Because of

|A1| = |G : H||B1| = |G : H||N |, we have

|A1H| = |A1||H|
|A1 ∩H|

=
|G||N |
|N |

= |G|.

This shows A1H = G, and we are done.

Theorem 8.5 (Dade). Let N ⊴H ≤ G and π ⊆ P with the following properties:

(i) H/N is a π-group.

(ii) If x, y ∈ H are conjugate in G, then xN, yN are conjugate in H/N .

(iii) Every elementary π-subgroup of G is conjugate to a subgroup of H.

Then there exists a normal subgroup M of G with G = HM and H ∩M = N .

Proof. Let p ∈ π and P ∈ Sylp(G). Since P is elementary, P is conjugate to a subgroup of H, so
p ∤ |G : H|. Thus G satisfies the assumptions of Theorem 8.3, and we are finished.

Theorem 8.6 (Brauer-Suzuki). Let π ⊆ P and H a π-subgroup of G with the following properties:

(i) If x, y ∈ H are conjugate in G, then they are also conjugate in H.

(ii) Every elementary π-subgroup of G is conjugate to a subgroup of H.

Then there exists a normal subgroup M of G with G = HM and H ∩M = 1.

Proof. Theorem 8.5 with N := 1.

Lemma 8.7. Let P be a p-group and U < P . Then U < NP (U).

Proof. We argue by induction on |P |. In the case |P | = p, we have 1 = U < NP (U) = P . So let
|P | > p. Because of Z(P ) ⊆ NP (U), we can assume Z(P ) ⊆ U . According to Algebra 1, Z(P ) ̸= 1. Let
P := P/Z(P ) and U := U/Z(P ). By induction, U < NP (U). Thus there exists an x ∈ P \ U with
xUx−1/Z(P ) = xUx−1 = U = U/Z(P ). It follows that x ∈ NP (U).

Remark 8.8. The following theorem generalizes Theorem 5.8.

Theorem 8.9 (Wielandt). Let N ⊴H ≤ G. Furthermore, let H ∩ xHx−1 ⊆ N for all x ∈ G \H.
Then there exists a normal subgroup M of G with G = HM and H ∩M = N .
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Proof. If one denotes by π the set of prime divisors of |H/N |, then Theorem 8.3(i) is satisfied. Let p ∈ π,
Q ∈ Sylp(H) and P ∈ Sylp(G) with Q ⊆ P . As is well known, QN/N ∈ Sylp(H/N), so QN/N ̸= 1
because of p

∣∣ |H/N |. Consequently, Q ̸⊆ N . For g ∈ NP (Q), Q = gQg−1 ⊆ H ∩ gHg−1. Because of
Q ̸⊆ N , it follows that g ∈ H. Therefore NP (Q) ⊆ H∩P = Q and thus P = Q according to Lemma 8.7.
Consequently, p ∤ |G : H|, and Theorem 8.3(ii) is satisfied. Let x, y ∈ H and g ∈ G with y = gxg−1.
In the case g ∈ H, yN = (gN)(xN)(gN)−1. So let g /∈ H. Then y = gxg−1 ∈ H ∩ gHg−1 ⊆ N
and analogously x ∈ N , so yN = 1 = xN in H/N . Thus Theorem 8.3(iii) is satisfied. Finally, let
x ∈ H \N and g ∈ CG(x). Then x = gxg−1 ∈ H ∩ gHg−1, so g ∈ H. Consequently, CG(x) ⊆ H. Thus
all assumptions of Theorem 8.3 are satisfied, and the assertion follows.

Theorem 8.10. Let P ∈ Sylp(G). If any two elements in P that are conjugate in G are already
conjugate in P , then P possesses a normal complement in G.

Proof. Follows by Sylow and Theorem 8.6 with π = {p} and H = P .

Theorem 8.11 (Burnside’s Transfer Theorem). Let P ∈ Sylp(G) with NG(P ) = CG(P ). Then P
possesses a normal complement in G.

Proof. Because of P ⊆ NG(P ) = CG(P ), P is abelian. Let x, y ∈ P and g ∈ G with gxg−1 = y. Then
P ≤ CG(x) and g−1Pg ≤ g−1CG(y)g = CG(g

−1yg) = CG(x). By Sylow, there exists a c ∈ CG(x) with
cPc−1 = g−1Pg. Thus gc ∈ NG(P ) = CG(P ) ≤ CG(x). Hence g ∈ CG(x) and y = gxg−1 = x. Now the
assertion follows from Theorem 8.10.

Remark 8.12. Usually, Theorem 8.11 is proven in group theory by means of transfer.

Theorem 8.13. Let p be the smallest prime divisor of |G|, and let P ∈ Sylp(G) be cyclic. Then P
possesses a normal complement in G.

Proof. As usual, NG(P ) acts by conjugation on P . This yields a homomorphism NG(P ) → Aut(P )
with kernel CG(P ). Thus NG(P )/CG(P ) is isomorphic to a subgroup of Aut(P ). Since P is cyclic,
P ∼= Z/pnZ for some n ∈ N. In Algebra 1, it is shown that Aut(Z/pnZ) ∼= (Z/pnZ)×. This shows
|NG(P )/CG(P )| | |Aut(P )| = φ(pn) = pn−1(p−1). Since P is cyclic, P ⊆ CG(P ) and |NG(P )/CG(P )| |
p−1. Since p is the smallest prime divisor of |G|, even NG(P ) = CG(P ) holds, and the assertion follows
from Burnside’s Transfer Theorem.

Example 8.14. Let P ∈ Syl2(G) be cyclic. According to Theorem 8.13, P has a normal complement
N in G. According to Feit-Thompson, N is solvable. Because of G/N = PN/N ∼= P/P ∩N ∼= P , G is
therefore also solvable. We prove a weaker statement without the theorem of Feit and Thompson.

Theorem 8.15. If all Sylow groups of G are cyclic, then G is solvable.

Proof. We argue by induction on |G|. wlog. let G ̸= 1. Let p be the smallest prime divisor of G and
P ∈ Sylp(G). According to Theorem 8.13, there exists an N ⊴G with G = PN and P ∩N = 1. Every
Sylow group of N lies in a Sylow group of G and is therefore cyclic. By induction, N is thus solvable.
As is well known, every p-group is also solvable. With N and G/N = PN/N ∼= P/P ∩ N ∼= P , G is
therefore also solvable.
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Remark 8.16. In the situation of Theorem 8.15, one can further show that G′ and G/G′ are cyclic
(without proof). In particular, G′′ = 1.

Example 8.17. Groups of square-free order are solvable.

Theorem 8.18 (Frobenius). Let P ∈ Sylp(G) and for every subgroup 1 ̸= Q ≤ P let NG(Q)/CG(Q)
be a p-group. Then P has a normal complement in G.

Proof. According to Sylow, the assumption holds for all P ∈ Sylp(G). Let Γ be the set of pairs (P,Q)
with P,Q ∈ Sylp(G), such that there exists a c ∈ CG(P ∩Q) with P = cQc−1. We show that Γ contains
all pairs of Sylow groups. Let P, P1 ∈ Sylp(G) with (P, P1) /∈ Γ, such that |P∩P1| is maximal. Obviously,
then D := P ∩P1 < P (otherwise one could choose c = 1). Let N := NG(D) and P ∩N ⊆ S ∈ Sylp(N)
as well as P1 ∩N ⊆ T ∈ Sylp(N). Finally, let S ⊆ R ∈ Sylp(G). Since S CG(D)/CG(D) is a p-Sylow
group of N/CG(D), the assumption implies N = S CG(D). According to Sylow, there exists an n ∈ N
with T = nSn−1. Because of N = S CG(D) = CG(D)S, we can assume n ∈ CG(D). According to
Lemma 8.7, it holds that

D < NP (D) = N ∩ P ⊆ S ∩ P ⊆ R ∩ P.
By the choice of (P, P1), there exists an x ∈ CG(P ∩R) ⊆ CG(D) with P = xRx−1. Analogously, it is
also

D < NP1(D) = N ∩ P1 ⊆ T ∩ P1 = nSn−1 ∩ P1 ⊆ nRn−1 ∩ P1

and there exists a y ∈ CG(nRn
−1 ∩ P1) ⊆ CG(D) with nRn−1 = yP1y

−1. In total, we have P =
xRx−1 = xn−1yP1y

−1nx−1 with xn−1y ∈ CG(D) = CG(P ∩ P1). This contradiction shows that Γ
contains all pairs (P,Q) with P,Q ∈ Sylp(G).

Now let x, y ∈ P and g ∈ G with y = gxg−1. Then y ∈ P ∩ gPg−1. According to what was just shown,
there exists a c ∈ CG(P ∩ gPg−1) ⊆ CG(y) with cPc−1 = gPg−1. Since P CG(P )/CG(P ) is a p-Sylow
group of NG(P )/CG(P ), it follows that NG(P ) = P CG(P ) by assumption. Thus c−1g = ab with a ∈ P
and b ∈ CG(P ) ⊆ CG(x). Then y = c−1yc = c−1gxg−1c = abxb−1a−1 = axa−1. The claim now follows
from Theorem 8.10.

Theorem 8.19 (Focal Subgroup Theorem). For P ∈ Sylp(G), we have

P ∩G′ = ⟨xy−1 : x, y ∈ P are conjugate in G⟩.

Proof. If x, y ∈ P are conjugate in G, then there exists a g ∈ G with xy−1 = xgx−1g−1 = [x, g].
This shows P1 := ⟨xy−1 : x, y ∈ P are conjugate in G⟩ ⊆ P ∩ G′. For x, y ∈ P , conversely, [x, y] =
x(yx−1y−1) = x(yxy−1)−1 ∈ P1. Thus P ′ ⊆ P1 ⊴ P and P/P1 is abelian. Let λ ∈ Irr(P/P1) ⊆ Irr(P ).
Let g ∈ G. Then there exists an x ∈ G with xgpx

−1 ∈ P . We define ψ(g) := λ(xgpx
−1). If also

ygpy
−1 ∈ P for some y ∈ G, then

(xgpx
−1)(yg−1

p y−1) = (xgpx
−1)yx−1(xgpx

−1)−1xy−1 ∈ P1 ≤ Ker(λ).

Therefore λ(xgpx−1) = λ(ygpy
−1) and ψ is well-defined. The same argument also shows ψ ∈ CF(G).

We show ψ ∈ Irr(G) using Theorem 6.8. For this, let E ≤ G be elementary and g, h ∈ E. Since E is
the direct product of its Sylow subgroups, (gh)p = gphp holds and ⟨gp, hp⟩ is a p-group. Thus there
exists an x ∈ G with x⟨gp, hp⟩x−1 ≤ P . Then

ψ(gh) = λ(x(gh)px
−1) = λ(xgpx

−1xhpx
−1) = λ(xgpx

−1)λ(xhpx
−1) = ψ(g)ψ(h).

Because of ψ(1) = λ(1) = 1, we have ψE ∈ Irr(E). Because of |ψ(g)| = 1 for all g ∈ G, it also holds
that (ψ,ψ)G = 1. According to Theorem 6.8, ψ ∈ Irr(G). Now let g ∈ P \P1. By a suitable choice of λ,
we can assume ψ(g) = λ(g) ̸= 1. Because of ψ(1) = 1, it follows that g /∈ P ∩G′ ≤ G′ ≤ Ker(ψ).
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9 Zeros in the Character Table

Theorem 9.1 (Burnside). Let χ ∈ Irr(G) with χ(1) > 1. Then there exists a g ∈ G with χ(g) = 0.

Proof. Let us assume χ(g) ̸= 0 for all g ∈ G. Let ζ := e2πi/|G| ∈ C and G := Gal(Q(ζ)|Q). For γ ∈ G
with γ(ζ) = ζm, it holds that γ(χ(g)) = χ(gm) according to Example 6.15. Because of gcd(|G|,m) = 1,
the map g 7→ gm is a bijection on G \ {1}. Since G is abelian, γ(χ(g)χ(g)) = χ(gm)χ(gm) holds. Thus
ω :=

∏
1̸=g∈G |χ(g)|2 > 0 is in the fixed field of G, i. e. in Q. On the other hand, ω is algebraic-integral

and it follows that ω ∈ Z from Lemma 3.5. In particular, ω ≥ 1 and the inequality of arithmetic and
geometric means shows

1

|G| − 1

∑
1̸=g∈G

|χ(g)|2 ≥ ω
1

|G|−1 ≥ 1.

Thus
|G| = |G|(χ, χ)G = χ(1)2 +

∑
1̸=g∈G

|χ(g)|2 ≥ χ(1)2 + |G| − 1

and we obtain the contradiction χ(1) = 1.

Remark 9.2. For χ(1) = 1, it obviously holds that χ(g) ̸= 0 for all g ∈ G. The next theorem shows
where one can find zeros in the character table.

Theorem 9.3 (Brauer). Let χ ∈ Irr(G) and p ∈ P with p ∤ |G|
χ(1) . Then χ(g) = 0 for all g ∈ G with

p
∣∣ |⟨g⟩|.

Proof. We define a class function θ on G by

θ(g) :=

{
χ(g) if p ∤ |⟨g⟩|,
0 otherwise.

We first show that θ is a virtual character. For this, let E = P×Q ≤ G be elementary with P ∈ Sylp(E)
(note that E is not necessarily p-elementary). Then θ(x) = 0 for all x ∈ E \ Q and θ(x) = χ(x) for
x ∈ Q. For ψ ∈ Irr(E) we thus have

|P |(θE , ψ)E =
1

|Q|
∑
x∈Q

χ(x)ψ(x−1) = (χQ, ψQ)Q ∈ Z.

Let g ∈ K ∈ Cl(G) and ω(g) := ωχ(K) = |K|χ(g)
χ(1) = |G|χ(g)

|CG(g)|χ(1) (see Lemma 1.23). Then

|E|(θE , ψ)E =
∑
x∈Q

χ(x)ψ(x−1) =
χ(1)

|G|
∑
x∈Q

ω(x)ψ(x−1)|CG(x)|.

For x ∈ Q, P ⊆ CG(x) holds. Therefore

|G||Q|
χ(1)

(θE , ψ)E =
∑
x∈Q

ω(x)ψ(x−1)|CG(x) : P |

is an algebraic integer in Q according to Lemma 3.6. Consequently,

|G||Q|
χ(1)

(θE , ψ)E ∈ Z.
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Because of |G||Q|
χ(1) ∈ Z and gcd( |G||Q|

χ(1) , |P |) = 1, it follows that (θE , ψ)E ∈ Z. This shows that θE is a
virtual character of E. By Brauer, θ is a virtual character of G (see proof of Theorem 6.8). In particular,
(θ, χ)G ∈ Z. On the other hand,

0 <
1

|G|
∑
g∈G,
p∤|⟨g⟩|

χ(g)χ(g) = (θ, χ)G ≤ (χ, χ)G = 1.

Therefore (θ, χ)G = (χ, χ)G = 1 and

0 = (χ− θ, χ)G =
1

|G|
∑
g∈G,
p
∣∣|⟨g⟩|

|χ(g)|2,

i. e. χ(g) = 0 for all g ∈ G with p
∣∣ |⟨g⟩|.

Remark 9.4. In the situation of Theorem 9.3, one says: χ has p-defect 0.

10 Finite linear groups

Remark 10.1. If G possesses a faithful representation of degree n, then G is isomorphic to a subgroup
of GL(n,C). In this chapter, we will see that G possesses “large” abelian normal subgroups (in relation
to n). In the case n = 1, G is even cyclic as a subgroup of C×.

Definition 10.2. For A = (aij) ∈ Cn×n let

∥A∥ :=

√
Trace(AA

T
) =

√√√√ n∑
i,j=1

|aij |2.

Remark 10.3.

(i) If one writes A ∈ Cn×n in the form A = A1 + A2i with A1, A2 ∈ Rn×n, then Cn×n becomes a
Euclidean space of dimension 2n2 (over R) with the usual norm. In particular,

∥A+B∥ ≤ ∥A∥+ ∥B∥ and ∥αA∥ = |α|∥A∥

for A,B ∈ Cn×n and α ∈ C.

(ii) Let U(n,C) := {A ∈ GL(n,C) : A−1 = A
T} ≤ GL(n,C) be the unitary group of degree n. For

U, V ∈ U(n,C) and A ∈ Cn×n, it then follows that

∥UAV ∥2 = Trace(UAV V
T
A

T
U

T
) = Trace(U(AA

T
)U−1) = Trace(U−1UAA

T
)

= Trace(AA
T
) = ∥A∥2.

(iii) The spectral theorem from linear algebra states that for every matrix A ∈ Cn×n with AA
T
=

A
T
A, there exists a matrix U ∈ U(n,C) such that UAU−1 is a diagonal matrix.2 In particular,

this holds if A is unitary or Hermitian (i. e. AT
= A).

2See lecture notes Linear Algebra
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Theorem 10.4. Every representation ∆: G → GL(n,C) is similar to a representation ∆′ : G →
U(n,C).

Proof. The matrix M :=
∑

g∈G∆(g)∆(g)
T

is Hermitian. By the spectral theorem, there exists U ∈
U(n,C) with UMU−1 = D, where D is a diagonal matrix. Because UT

= U−1, it then follows that

D = UMU−1 =
∑
g∈G

U∆(g)U−1U∆(g)
T
U−1 =

∑
g∈G

U∆(g)U−1 · U∆(g)U−1
T
.

Thus, we can assume that M is a diagonal matrix. By definition, the main diagonal entries of M are
real and positive. In particular, M = P 2 for some P ∈ GL(n,R). As usual, ∆(h)M∆(h)

T
= M and

(P−1∆(h)P )(P∆(h)
T
P−1) = 1n for all h ∈ G. Thus, P−1∆(h)P ∈ U(n,C) for all h ∈ G.

Theorem 10.5 (Jordan). There exists a function f : N → N with the following property: Every finite
group G ≤ GL(n,C) possesses an abelian normal subgroup A⊴G with |G : A| ≤ f(n).

Proof (Tao). Induction on n: In the case n = 1, we can certainly set f(1) := 1. Let n ≥ 2. The
inclusion map G ↪→ GL(n,C) is a representation of degree n. According to Theorem 10.4, we can
assume G ≤ U(n,C) by replacing G with xGx−1 for some x ∈ GL(n,C).

Let ϵ > 0 and
H := ⟨x ∈ G : ∥x− 1∥ < ϵ⟩.

For x ∈ H with ∥x − 1∥ < ϵ and g ∈ G, we have ∥gxg−1 − 1∥ = ∥gxg−1 − gg−1∥ = ∥g(x − 1)g−1∥ =
∥x− 1∥ < ϵ according to Remark 10.3. Thus H ⊴G. Let x1, . . . , xs ∈ G be a system of representatives
for G/H. Then ∥xi − xj∥ = ∥xix−1

j − 1∥ ≥ ϵ for i ̸= j. On the other hand, ∥xi∥ =
√
Trace(xixiT) =√

Trace(1n) =
√
n for i = 1, . . . , s. The subset M := {x ∈ Cn×n : ∥x∥ =

√
n} of the Euclidean space

Cn×n is bounded and closed (i. e. compact). According to the Heine-Borel theorem from Analysis 1,
M can be covered by finitely many, say g(n), open balls of radius ϵ/2. In each ball, at most one xi can
lie. In particular, |G : H| = s ≤ g(n).

Assumption: Z(H) ≤ C×1n.
In the case Z(H) = H, we are finished with A := H and f(n) := g(n). So let x ∈ H \ Z(H) such that
∥x − 1∥ is minimal (G finite). Since not all generators of H can lie in Z(H), we have ∥x − 1∥ < ϵ.
Furthermore, let y ∈ H with ∥y− 1∥ < ϵ. We choose u ∈ U(n,C) such that uxu−1 is a diagonal matrix
(spectral theorem). Write u(x− 1)u−1 = diag(α1, . . . , αn) and u(y − 1)u−1 = (βij). Then

∥(x− 1)(y − 1)∥2 = ∥u(x− 1)u−1u(y − 1)u−1∥2 =
∑
i,j

|αiβij |2 ≤
∑
i,j,k

|αi|2|βjk|2

=

(∑
i

|αi|2
)(∑

j,k

|βjk|2
)

= ∥u(x− 1)u−1∥2∥u(y − 1)u−1∥2 = ∥x− 1∥2∥y − 1∥2.

Analogously, ∥(y − 1)(x− 1)∥ ≤ ∥x− 1∥∥y − 1∥ also holds. It follows that

∥xyx−1y−1−1∥ = ∥xy−yx∥ = ∥(x−1)(y−1)−(y−1)(x−1)∥ ≤ 2∥x−1∥∥y−1∥ < 2ϵ∥x−1∥ < ∥x−1∥

for ϵ < 1
2 . By the choice of x, it follows that z := xyx−1y−1 ∈ Z(H). According to the assumption,

z = λ1n for some λ ∈ C. Obviously det(z) = det(xyx−1y−1) = 1, i. e. λn = 1. In particular, there are
only n possibilities for λ. We have |λ− 1|

√
n = ∥z − 1∥ < ∥x− 1∥ < ϵ. If one chooses ϵ small enough,
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it follows that λ = 1 and xyx−1y−1 = z = 1. Thus x commutes with all generators of H. This yields
the contradiction x ∈ Z(H).

Thus there exists z ∈ Z(H) \ C1n. Because z ∈ U(n,C), there exists a u ∈ U(n,C) with

d := uzu−1 =

α11n1

. . .
αk1nk

 ,

where α1, . . . , αk are pairwise distinct (wlog. ). Because z /∈ C1n, we have k > 1. One easily shows:

CGL(n,C)(d) =

GL(n1,C) 0
. . .

0 GL(nk,C)

 ∼= GL(n1,C)× . . .×GL(nk,C).

Thus also H ≤ CGL(n,C)(z) = u−1CGL(n,C)(d)u ∼= GL(n1,C)× . . .×GL(nk,C). Let πi : H → GL(ni,C)
be the i-th projection. Because k > 1, we have ni < n. By induction, there exists an abelian normal
subgroup Ni/Ker(πi)⊴H/Ker(πi) ∼= πi(H) ≤ GL(ni,C) with |H : Ni| = |H/Ker(πi) : Ni/Ker(πi)| ≤
f(ni). Let

π : H → H/Ker(π1)× . . .×H/Ker(πk), g 7→ (gKer(π1), . . . , gKer(πk)).

Then Ker(π) =
⋂k
i=1Ker(πi) = 1. We define

K := π−1(N1/Ker(π1)× . . .×Nk/Ker(πk)) = N1 ∩ . . . ∩Nk.

Since π is injective, K is an abelian normal subgroup of H. Since the map H/K → H/N1× . . .×H/Nk,
gK 7→ (gN1, . . . , gNk) is also injective, we have

|H : K| ≤ |H : N1| . . . |H : Nk| ≤ f(n1) . . . f(nk).

The function h(n) := max{f(i) : 1 ≤ i ≤ n − 1}n thus satisfies |H : K| ≤ h(n). In total, |G : K| =
|G : H||H : K| ≤ g(n)h(n). Since the normal subgroup relation is not transitive, K is not necessarily
normal in G. We therefore consider the action φ : G → Sym(G/K) with g(hK) := ghK for g, h ∈ G
(cf. proof of Theorem 7.11). One easily shows that A := Ker(φ) ⊆ K holds. In particular, A is an
abelian normal subgroup of G with |G : A| = |G : Ker(φ)| ≤ |Sym(G/K)| = |G : K|! ≤ (g(n)h(n))!.
The function f(n) := (g(n)h(n))! thus satisfies the claim.

Remark 10.6.

(i) As in Exercise 20, one shows that G := SL(2, 5) acts on the set of the six one-dimensional
subspaces of F2

5 with kernel Z(G) = ⟨−12⟩. It follows that SL(2, 5)/Z(G) ∼= A5 and Z(G) is the
largest abelian normal subgroup of G. Furthermore, G possesses a faithful (irreducible) character
of degree 2. This shows f(2) ≥ |G : Z(G)| = 60. In fact, equality holds (without proof).

(ii) Collins has shown |G : A) ≤ (n + 1)! for n ≥ 71 in the situation of Theorem 10.5. According to
Exercise 30, this bound is also optimal. The proof, however, uses the classification of finite simple
groups.

Definition 10.7. A subgroup H ≤ G is called a π-Hall subgroup, if H is a π-group and no prime
divisor of |G : H| lies in π. In particular, gcd(|H|, |G : H|) = 1.
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Example 10.8.

(i) The p-Hall subgroups of G are exactly the p-Sylow subgroups.

(ii) Let G be abelian and Sp ∈ Sylp(G). For π ⊆ P, then Gπ :=
∏
p∈π Sp is a π-Hall subgroup of G.

(iii) A5 possesses no {2, 5}-Hall subgroup.

(iv) According to Exercise 16, Frobenius kernels and Frobenius complements are always Hall sub-
groups.

Definition 10.9.

(i) For n ∈ N let Qn := Q(e2πi/n).

(ii) Let p ∈ P and |G| = mpa with p ∤ m. A character χ of G is called p-rational , if χ(g) ∈ Qm holds
for all g ∈ G.

Example 10.10. In the case p ∤ |⟨g⟩|, χ(g) ∈ Qm (as a sum of |⟨g⟩|-th roots of unity). In particular,
every character is p-rational if p ∤ |G|.

Lemma 10.11. Let p ̸= q be prime numbers such that G has no element of order pq. Then every
character χ ∈ Irr(G) is p-rational or q-rational.

Proof. Suppose that χ ∈ Irr(G) is neither p-rational nor q-rational. We write n := |G| = pamp = qbmq

with p ∤ mp and q ∤ mq. Let Gp := Gal(Qn|Qmp) and Gq := Gal(Qn|Qmq). Then there exist γp ∈ Gp and
γq ∈ Gq with γpχ ̸= χ ̸= γqχ (see Example 6.15).

If g ∈ G with p ∤ |⟨g⟩|, then χ(g) ∈ Qmp . In particular, γp(χ(g)) = χ(g). Analogously, γq(χ(g)) = χ(g)
for q ∤ |⟨g⟩|. Since G has no element of order pq, it holds that p ∤ |⟨g⟩| or q ∤ |⟨g⟩| for all g ∈ G. This
shows

((χ− γpχ), (χ− γqχ))G =
1

|G|
∑
g∈G

(χ− γpχ)(g)(χ− γqχ)(g) = 0.

Because γpχ, γqχ ∈ Irr(G), we have (χ, γpχ)G = (χ, γqχ)G = 0. The contradiction follows:

0 = (χ, χ)G + (γpχ, γqχ)G ≥ 1.

Lemma 10.12. For gcd(n,m) = 1, we have Qn ∩Qm = Q.

Proof. Let ζ := e
2πi
nm . Because Qn = Q(ζm) and Qm = Q(ζn), the restriction map

Γ: Gal(Qnm|Qn) → Gal(Qm|Qn ∩Qm)

is a well-defined homomorphism. Let γ ∈ Ker(Γ). Because gcd(n,m) = 1, there exist a, b ∈ Z with
1 = an+ bm. Then γ(ζ) = γ(ζan+bm) = γ(ζn)aγ(ζm)b = ζnaζmb = ζ. Thus Γ is injective and

φ(m) =
φ(nm)

φ(n)
=

[Qnm : Q]

[Qn : Q]
= [Qnm : Qn] = |Gal(Qnm|Qn)| ≤ |Gal(Qm|Qn ∩Qm)| ≤ φ(m).

The fundamental theorem of Galois theory implies the assertion.

Lemma 10.13. Let χ be a faithful p-rational character of G, where p
∣∣ |G|. Then χ(1) ≥ p− 1.
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Proof. wlog. let p ≥ 3. We write |G| = mpa with p ∤ m. By assumption, χ(g) ∈ Qm for all g ∈ G. Let
P ≤ G with |P | = p. Then χP has values in Qp. According to Lemma 10.12, χ(x) ∈ Q for x ∈ P . Since
χ is faithful, χP contains a non-trivial constituent ψ ∈ Irr(P ). For 1 ̸= γ ∈ Gal(Qp|Q), γψ ̸= ψ is an
irreducible constituent of γ(χP ) = χP . Because |Gal(Qp|Q)| = p− 1, χP thus possesses at least p− 1
irreducible constituents. This shows the assertion.

Lemma 10.14 (Frattini Argument). Let N ⊴G and P ∈ Sylp(N). Then G = N NG(P ).

Proof. For g ∈ G, gPg−1 ≤ gNg−1 = N . By Sylow, there exists an x ∈ N with gPg−1 = xPx−1. Thus
g = x(x−1g) ∈ N NG(P ).

Lemma 10.15. Let G be abelian and p
∣∣ |G|. Then there exists a subgroup H ≤ G with |G : H| = p.

Proof. Since G is the direct product of its Sylow subgroups, we can assume that G is a p-group. In
the case |G| = p, we can choose H = 1. Now let |G| > p, and let x ∈ G be an element of order p. By
induction, G/⟨x⟩ possesses a subgroup H/⟨x⟩ with |G : H| = |G/⟨x⟩ : H/⟨x⟩| = p.

Theorem 10.16 (Blichfeldt). Every finite group G ≤ GL(n,C) possesses an abelian π-Hall sub-
group for π := {p ∈ P : p > n+ 1}.

Proof. We argue by double induction on n and then on |G|. In the case n = 1, G is abelian and the
claim follows from Example 10.8(ii). So let n ≥ 2. Let χ be the faithful character of degree n arising
from the embedding G ↪→ GL(n,C).

Claim: Every π-subgroup H ≤ G is abelian.
Let ψ be an irreducible constituent of χH . Then ψ(1)

∣∣ |H|. Every prime divisor p of ψ(1) thus satisfies
n + 1 < p ≤ ψ(1) ≤ χ(1) = n. Consequently, ψ(1) = 1. Thus χH is a sum of irreducible characters
ψ1, . . . , ψk of degree 1. Hence

H ′ ⊆ Ker(ψ1) ∩ . . . ∩Ker(ψk) = Ker(χH) = Ker(χ) ∩H = 1

(see Exercise 9) and H is abelian.

It therefore suffices to show that some π-Hall subgroup exists.

Claim: χ ∈ Irr(G).
Let χ be reducible and χ = χ1 + χ2 with Ki := Ker(χi) for i = 1, 2. Then G/Ki ≤ GL(χi(1),C)
with χi(1) < n. By induction, G/Ki possesses abelian πi-Hall subgroups with πi := {p ∈ P : p >
χi(1)+1} for i = 1, 2. Because of π ⊆ πi, there also exist π-Hall subgroups Hi/Ki of G/Ki for i = 1, 2
(Example 10.8(ii)). If Hi < G for some i, then by induction there exists a π-Hall subgroup H of Hi.
For all p ∈ π, we then have p ∤ |G/Ki : Hi/Ki||Hi : H| = |G : Hi||Hi : H| = |G : H|. We can therefore
assume Hi = G for i = 1, 2. In particular, G/Ki is abelian. Because of K1∩K2 = Ker(χ1)∩Ker(χ2) =
Ker(χ) = 1, the map G→ G/K1 ×G/K2, g 7→ (gK1, gK2) is injective. In particular, G is also abelian
and the claim follows from Example 10.8(ii).

Claim: G′ = G.
Let G′ < G. By Lemma 10.15, there exists a normal subgroup N ⊴ G with |G : N | = p ∈ P (since
G/G′ is abelian). By induction, N possesses a π-Hall subgroup H. In the case p /∈ π, H is also a π-Hall
subgroup of G. So let p ∈ π. In the case H ⊴ G, HP is a π-Hall subgroup of G, where P ∈ Sylp(G).
So let H ⋬ G. Then there exists a Sylow subgroup Q of H with Q ⋬ G (otherwise H, as a product
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of normal subgroups, would also be normal). Then Q is also a Sylow subgroup of N and the Frattini
argument shows G = N NG(Q). Since H is abelian, H ⊆ NG(Q) holds. Furthermore,

|G : NG(Q)| = |N NG(Q) : NG(Q)| = |N : N ∩NG(Q)| = |N : NN (Q)|
∣∣ |N : H|.

In particular, the prime divisors of |G : NG(Q)| do not lie in π. Because NG(Q) < G, NG(Q) possesses
a π-Hall subgroup K. Obviously, K is then also a π-Hall subgroup of G and we are finished.

Claim: Z(G) is a π′-group.
Let Z ≤ Z(G) with |Z| = p ∈ π. By Theorem 2.14, Z ⊆ Z(χ). Let ∆ be a representation with
character χ. For 1 ̸= x ∈ Z, we then have ∆(x) = λ1n for a p-th root of unity λ ̸= 1. Because of p > n,
det(∆(x)) = λn ̸= 1. Thus det∆ ̸= 1G in contradiction to G′ = G.

Now let H ≤ G be a π-subgroup of maximal order.

Claim: gcd(|H|, |G : H|) = 1.
Let 1 ̸= x ∈ H be a p-element. Since Z(H) is a π-group, C := CG(x) < G holds. By induction, C
possesses a π-Hall subgroup K. Since H is abelian (see above), H ⊆ C holds and thus |H| ≤ |K|.
From the maximality of H, it follows that |H| = |K|. Let x ∈ P ∈ Sylp(G). Since P , as a π-
subgroup, is abelian, P ≤ C and p ∤ |G : C| hold. On the other hand, p ∤ |C : K| = |C : H| and
p ∤ |G : C||C : H| = |G : H|.

We may assume that G possesses at least one π-element, i.e., H ̸= 1 (otherwise G is a π′-group and
the claim holds with H = 1). So let p be a prime divisor of |H|. We assume that H is not a π-Hall
subgroup. Thus there exists a q ∈ π with q

∣∣ |G : H|.

Claim: G possesses no element of order pq.
Otherwise there exist x, y ∈ G with |⟨x⟩| = p, |⟨y⟩| = q and y ∈ CG(x). By Sylow, we may assume
x ∈ H. With the above notation, y ∈ C, q

∣∣ |C| and therefore q
∣∣ |K| = |H|. This contradicts

gcd(|H|, |G : H|) = 1.

By Lemma 10.11, χ is r-rational for an r ∈ {p, q}. Lemma 10.13 now implies n = χ(1) ≥ r − 1 in
contradiction to r ∈ π.

Theorem 10.17 (Wielandt). For π ⊆ P, any two abelian π-Hall subgroups of G are conjugate.

Proof. Let A,B ≤ G be abelian π-Hall subgroups. We argue by induction on |π|. In the case |π| ≤ 1,
the assertion follows from Sylow’s Theorem. Let |π| ≥ 2. We write A =

∏
p∈π Sp and B =

∏
p∈π Tp

with Sp, Tp ∈ Sylp(G). Let q ∈ π be fixed. By induction, there exists a g ∈ G with

g

( ∏
q ̸=p∈π

Sp

)
g−1 =

∏
q ̸=p∈π

Tp.

ReplacingA by gAg−1, one can assume Sp = Tp for all p ̸= q. Obviously, then Sq, Tq ∈ Sylq(NG(
∏
q ̸=p∈π Sp)).

By Sylow, there exists an h ∈ NG(
∏
q ̸=p∈π Sp) with hSqh−1 = Tq. Then

hAh−1 = hSqh
−1h

( ∏
q ̸=p∈π

Sp

)
h−1 = Tq

∏
q ̸=p∈π

Sp = B.
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Example 10.18. In general, two π-Hall subgroups of G are not conjugate. Let for example G :=
GL(3, 2) and

H :=

(
1 ∗
0 GL(2, 2)

)
≤ G, K :=

(
GL(2, 2) ∗

0 1

)
≤ G.

Because |G| = 23 · 3 · 7 and |H| = |K| = 24, H and K are {2, 3}-Hall subgroups of G. Suppose that
there exists a g ∈ G with gHg−1 = K. Let e1 := (1, 0, 0) and g · e1 = (α, β, γ) ∈ F3

2. For all x ∈ K, it
then follows that

x(α, β, γ) = g (g−1xg)︸ ︷︷ ︸
∈H

e1 = g · e1 = (α, β, γ).

With
(

1 1 0
0 1 1
0 0 1

)
∈ K, it follows that β = γ = 0. From

(
0 1 0
1 0 0
0 0 1

)
∈ K, the contradiction α = 0 now follows.

Thus H and K are not conjugate in G.

Theorem 10.19 (Brauer-Burnside). Let θ be a faithful character of G that takes exactly r distinct
values a1, . . . , ar. Then every irreducible character of G occurs among the irreducible constituents of
θ0 = 1G, θ, θ

2, . . . , θr−1.

Proof. Let χ ∈ Irr(G) be no irreducible constituent of θ0, θ, . . . , θr−1, and let Aj := {g ∈ G : θ(g) = aj}
for j = 1, . . . , r. Then

0 = |G|(θs, χ)G =
∑
g∈G

θs(g)χ(g−1) =

r∑
j=1

asj
∑
g∈Aj

χ(g−1)

for s = 0, . . . , r − 1. Therefore
(∑

g∈A1
χ(g−1), . . . ,

∑
g∈Ar χ(g

−1)
)

is a solution of the homogeneous
system of equations with the coefficient matrix

1 1 · · · 1
a1 a2 · · · ar
...

...
. . .

...
ar−1
1 ar−1

2 · · · ar−1
r

 .

Matrices of this form (Vandermonde matrix) are known to be invertible. Consequently,
∑

g∈Aj χ(g
−1) =

0 for j = 1, . . . , r. Let j ∈ {1, . . . , r} with 1 ∈ Aj , so aj = θ(1). Since θ is faithful, Aj = {1}, and one
has the contradiction χ(1) = 0.

Example 10.20. For the regular character θ of G, r = 2 holds in Theorem 10.19 (if G ̸= 1). Indeed,
we already know that every irreducible character occurs in θ = θr−1.

11 The characters of Sn and An

Remark 11.1.

(i) According to Exercise 27, two elements in Sn are conjugate if and only if they have the same cycle
type. Consequently, one can identify the set of conjugacy classes with the partitions of n. Here,
a partition of n is a sequence of natural numbers λ = (λ1, . . . , λk) with λ1 ≥ λ2 ≥ . . . ≥ λk ≥ 1
and λ1 + . . .+ λk = n.
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(ii) In the following, we will calculate the character table of Sn by also identifying the irreducible
characters with the partitions. According to Exercise 27, this is an integer matrix.

Definition 11.2.

(i) Let λ = (λ1, . . . , λk) be a partition of n. The Young diagram of λ is an arrangement of n boxes
with λi boxes in the i-th row. By reflection across the diagonal, one obtains the conjugate Young
diagram with partition λ′ = (λ′1, . . . , λ

′
l) with λ′i := |{j : λj ≥ i}| for i = 1, . . . , l. Certainly

λ′′ = λ (cf. Example 11.3).

(ii) A Young tableau (of λ) is a Young diagram (of λ) filled with the numbers 1, . . . , n, where in each
row the numbers are sorted in ascending order.

Example 11.3. Let λ = (4, 2, 2, 1) = (4, 22, 1) be a partition of 9. Then the Young diagram of λ, a
Young tableau and the conjugate Young diagram are given by:

2 3 6 7
1 8
5 9
4

Remark 11.4.

(i) We will often identify the Young tableaux Y of λ = (λ1, . . . , λk) with the set partitions Y =
(Y1, . . . , Yk) with Y1 ∪ . . . ∪ Yk = {1, . . . , n} and |Yi| = λi for i = 1, . . . , k. Obviously, Sn then
acts transitively on the set of Young tableaux of λ via gY := (g(Y1), . . . , g(Yk)). Let φλ be the
corresponding permutation character (see Exercise 29). The stabilizer of Y is given by the Young
subgroup

SY := (Sn)Y = Sym(Y1)× . . .× Sym(Yk) ∼= Sλ1 × . . .× Sλk .

According to Exercise 29, φλ = 1SnSY . Let sgn be the alternating character of Sn (see Example 1.2).
We set

ψλ := sgn ·φλ = (sgnSY ·1SY )
Sn = (sgnSY )

Sn .

(ii) Let Y ′ = (Y ′
1 , . . . , Y

′
l ) be the Young tableau conjugate to Y (as a set partition). Then |Yi∩Y ′

j | ≤ 1
for all i, j (intersection of row and column). This shows SY ∩ SY ′ = 1.

Example 11.5.

(i) For λ = (n), SY = Sn, φλ = 1Sn and ψλ = sgn.

(ii) For λ = (1n), SY = 1, and φλ = 1Sn1 = (sgn1)
Sn = ψλ is the regular character of Sn.

(iii) For λ = (n − 1, 1), the set of Young tableaux can be identified with {1, . . . , n}. Thus φλ is the
natural permutation character of degree n (Exercise 29).

Theorem 11.6. For every partition λ of n, (φλ, ψλ′)Sn = 1. In particular, there is exactly one common
irreducible constituent χλ of φλ and ψλ′.
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Proof. Let Y be a Young tableau of λ. According to Frobenius and Mackey,

(φλ, ψλ′)Sn = (1SnSY , (sgnSY ′ )
Sn)Sn = ((1SnSY )SY ′ , sgnSY ′ )SY ′

=
∑

SY ′gSY ∈SY ′\Sn/SY

(1
SY ′
SY ′∩gSY g−1 , sgnSY ′ )SY ′ =

∑
SY ′gSY ∈SY ′\Sn/SY

(1Dg , sgnDg)Dg (11.1)

with Dg := SY ′ ∩ gSY g−1 = SY ′ ∩ SgY . For g = 1, we have Dg = 1 and (1Dg , sgnDg)Dg = 1 according
to Remark 11.4(ii). We must show that all other summands in (11.1) vanish. So let (1Dg , sgnDg)Dg > 0
for some g ∈ Sn. Suppose two numbers a, b lie in the same row of gY and in the same column of Y .
Then the transposition (a, b) would be in Dg and 1Dg ̸= sgnDg . Therefore, the numbers of a row of gY
are distributed over pairwise distinct columns of Y . In particular, there exists an h1 ∈ SY ′ such that
the first rows of gY and h1Y coincide as sets. Analogously, there exists h2 ∈ SY ′ such that the first two
rows of gY and h2h1Y coincide, and so on. Finally, there exists h ∈ SY ′ with gY = hY , i. e. h−1g ∈ SY .
This shows SY ′gSY = SY ′SY and we are finished.

Definition 11.7. Let ≤ be the lexicographic order on the set of partitions of n, i. e.

λ < µ :⇐⇒ ∃k : λ1 = µ1, . . . , λk−1 = µk−1, λk < µk.

Theorem 11.8 (Frobenius-Young). For all n ∈ N, Irr(Sn) = {χλ : λ partition of n}.

Proof. It suffices to show that the χλ are pairwise distinct. So let χλ = χµ for partitions λ = (λ1, . . . , λk)
and µ = (µ1, . . . , µl) of n. By definition, (φλ, ψµ′)Sn ̸= 0. Let Y and Z be Young tableaux of λ and
µ, respectively. As in the proof of Theorem 11.6, there exists a g ∈ Sn with SZ′ ∩ SgY = 1. Replacing
Y by gY , one can assume g = 1. With Y = (Y1, . . . , Yk) and Z ′ = (Z ′

1, . . . , Z
′
m), it thus holds that

|Yi ∩ Z ′
j | ≤ 1. We want to show λ ≤ µ. It holds that λ1 = |Y1| ≤ m = µ1. Now assume that λj = µj

for j ≤ i. One can then distribute the first i rows of Y exactly onto the first i columns of Z ′. Because
Yi+1 ⊆ {1, . . . , n} = Z ′

1 ∪ . . . ∪ Z ′
m, Z ′ thus has at least |Yi+1| = λi+1 rows with at least i + 1 boxes,

i. e. µi+1 = |{j : |Z ′
j | ≥ i+ 1}| ≥ λi+1. This shows λ ≤ µ. Because (φµ, ψλ′)Sn ̸= 0, analogously µ ≤ λ

also holds and we are finished.

Lemma 11.9. For a partition λ, φλ =
∑

µ≥λ (φλ, χµ)Snχµ.

Proof. Let (φλ, χµ)Sn ̸= 0 for a partition µ. Then also (φλ, ψµ′)Sn ̸= 0 and as in the proof of Theo-
rem 11.8 it follows that λ ≤ µ.

Lemma 11.10. Let λ and µ be partitions of n. For an element g ∈ Sn of cycle type µ, φλ(g) is then
the number of possibilities to distribute the components of µ into the components of λ.

Example 11.11. Let λ = (5, 4) and µ = (3, 22, 12). Then φλ(g) = 5, illustrated by colored Young
diagrams:

Proof of Lemma 11.10. Let µ = (µ1, . . . , µk) and g = σ1 . . . σk with disjoint cycles σi of length µi for
i = 1, . . . , k. According to Exercise 29, φλ(g) is the number of Young tableaux of λ that remain fixed
by g. A Young tableau Y of λ remains fixed under g if and only if for i = 1, . . . , k the non-trivial orbit
of σi lies in one Yj . For Y there are therefore exactly as many possibilities as there are possibilities to
distribute the µi into the Young diagram of λ.
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Remark 11.12. Lemma 11.9 and Lemma 11.10 allow to calculate Irr(Sn) recursively. According to
Example 11.5, χ(n) = φ(n) = 1Sn . Let us assume that χµ is known for µ > λ. Since χλ occurs only
once in φλ, χλ = φλ −

∑
µ>λ (φλ, χµ)Snχµ. According to Exercise 29, it is also (φλ, χ(n))Sn = 1. In

particular, χ(n−1,1) = φ(n−1,1) − 1Sn .

Lemma 11.13. For every partition λ of n, χλ′ = sgn ·χλ holds.

Proof. According to Exercise 6, sgn ·χλ is an irreducible constituent of sgn ·φλ = ψλ = ψλ′′ and of
sgn ·ψλ′ = φλ′ .

Example 11.14. Let n = 5. The partitions of 5 in descending order are (5), (4, 1), (3, 2), (3, 12),
(22, 1), (2, 13), (15). Because of Lemma 11.13, we only need to calculate φλ for three partitions:

g (15) (2, 13) (22, 1) (3, 12) (3, 2) (4, 1) (5)

|S5 : CS5(g)| 1 10 15 20 20 30 24

φ(4,1) 5 3 1 2 . 1 .
φ(3,2) 10 4 2 1 1 . .
φ(3,12) 20 6 . 2 . . .

The second row contains the lengths of the conjugacy classes and zeros are marked by dots. Now
χ(5) = 1S5 . From Remark 11.12 it follows that χ(4,1) = φ(4,1) − 1S5 . Furthermore (φ(3,2), χ(4,1))S5 = 1
and χ(3,2) = φ(3,2)−1Sn−χ(4,1). Finally (φ(3,12), χ(3,2))S5 = 1 and (φ(3,12), χ(4,1))S5 = 2. Thus χ(3,12) =
φ(3,12) − 1S5 − χ(3,2) − 2χ(4,1).

S5 (15) (2, 13) (22, 1) (3, 12) (3, 2) (4, 1) (5)

(5) 1 1 1 1 1 1 1
(4, 1) 4 2 . 1 −1 . −1
(3, 2) 5 1 1 −1 1 −1 .
(3, 12) 6 . −2 . . . 1
(22, 1) 5 −1 1 −1 −1 1 .
(2, 13) 4 −2 . 1 1 . −1
(15) 1 −1 1 1 −1 −1 1

Remark 11.15.

(i) Let λ be a partition of n with Young diagram Y . For a box b := (i, j) of Y , the hook H(b)
of b is the union of the boxes (i, j), (i, j + 1), . . . and the boxes (i + 1, j), (i + 2, j), . . . . Let
h(b) := |H(b)| = λi+ λ′j − i− j +1. We can write the h(b) into the Young diagram, for example:

7 5 2 1
4 2
3 1
1

The hook length formula holds:

χλ(1) =
n!∏

b box of Y
h(b)

(without proof). For the above tableau, we obtain χλ(1) = 216.
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(ii) If one removes the hook H(b) from Y , one obtains the Young diagram of a partition λ \ H(b)
of n − h(b). Furthermore, l(b) := λ′j − i is called the leg length of b. Now let x ∈ Sn be of
type µ = (µ1, . . . , µl) and y ∈ Sn−µk of type (µ1, . . . , µk−1, µk+1, . . . , µl). Then the Murnaghan-
Nakayama formula holds:

χλ(x) =
∑

b box of Y,
h(b)=µk

(−1)l(b)χλ\H(b)(y)

(without proof). In the case µk = n, one considers χλ\H(b) as the trivial character on the trivial
group S0 = Sym(∅). For µk = 1, one obtains the branching rule

(χλ)Sn−1 =
∑

b box of Y,
h(b)=1

χλ\H(b)

(without proof).

(iii) In the following, we will construct Irr(An) from Irr(Sn) and assume that Irr(Sn) is given. wlog. let
always n ≥ 3.

(iv) Let σ = (a1, . . . , am) ∈ Sn be a cycle of length m. Then σ = (a1, a2)(a2, a3) . . . (am−1, am) and
sgn(σ) = (−1)m−1. If g ∈ Sn is an arbitrary element of cycle type (λ1, . . . , λk), then sgn(g) =
(−1)λ1+...+λk−k = (−1)n−k.

Theorem 11.16. Let g ∈ K ∈ Cl(An) be an element of cycle type (λ1, . . . , λk). K /∈ Cl(Sn) if and
only if the λi are odd and pairwise distinct. If applicable, (1,2)K ∈ Cl(An) and K ∪̇ (1,2)K ∈ Cl(Sn).

Proof. It holds that K ∈ Cl(Sn) if and only if |An : CAn(g)| = |K| = |Sn : CSn(g)|. Because of
|An : CAn(g)| = |An : An ∩ CSn(g)| = |AnCSn(g) : CSn(g)| it follows that

K /∈ Cl(Sn) ⇐⇒ CSn(g) ⊆ An.

Let g = σ1 . . . σk with disjoint cycles σi of length λi. Assume first that one λi is even. Then σi ∈
CSn(g) \ An. Thus we can assume that all λi are odd. Next, assume that the λi are not pair-
wise distinct, so wlog. λ1 = λ2. We write σ1 = (a1, . . . , aλ1) and σ2 = (b1, . . . , bλ1). Then τ :=
(a1, b1)(a2, b2) . . . (aλ1 , bλ1) /∈ An. Furthermore, τσ1τ = σ2, τσ2τ = σ1 and τσiτ = σi for all i ≥ 3. This
shows τ ∈ CSn(g) \An.

Conversely, let the λi be odd and pairwise distinct. We calculate |Sn : CSn(g)| by counting the pos-
sibilities for g (i. e. the elements of cycle type (λ1, . . . , λk)). For the λ1 elements of the cycle σ1 there
are n!

(n−λ1)! possibilities. However, λ1 possibilities each yield the same element. Thus there are n!
λ1(n−λ1)!

possibilities for σ1. Analogously, there are then (n−λ1)!
λ2(n−λ1−λ2)! possibilities for σ2 etc. This shows

|Sn : CSn(g)| =
n!(n− λ1)!(n− λ1 − λ2)! . . . (n− λ1 − . . .− λk−1)!

λ1 . . . λk(n− λ1)!(n− λ1 − λ2)! . . . (n− λ1 − . . .− λk︸ ︷︷ ︸
=0

)!
=

n!

λ1 . . . λk

and |CSn(g)| = λ1 . . . λk. Obviously ⟨σ1⟩ . . . ⟨σk⟩ ⊆ CSn(g) and |⟨σ1⟩ . . . ⟨σk⟩| = |⟨σ1⟩| . . . |⟨σk⟩| =
λ1 . . . λk. Thus CSn(g) = ⟨σ1⟩ . . . ⟨σk⟩ ⊆ An. This proves the first statement.

Now let K /∈ Cl(Sn). As usual, (1,2)K ∈ Cl(An). Let K ⊆ K̃ ∈ Cl(Sn). Then certainly K ∪ (1,2)K ⊆ K̃.
Conversely, for every h ∈ K̃ there exists an x ∈ Sn with h = xgx−1. If x ∈ An, then h ∈ K. Otherwise
(1, 2)x ∈ An and h = (1, 2)

(
(1, 2)xgx−1(1, 2)

)
(1, 2) ∈ (1,2)K. This shows K̃ = K ∪̇ (1,2)K.
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Example 11.17. For n ≥ 3 there is always a K ∈ Cl(An) with K /∈ Cl(Sn). For odd n one can choose
cycle type (n) in Theorem 11.16 and for even n cycle type (n− 1, 1).

Theorem 11.18. Let χ := χλ ∈ Irr(Sn) for a partition λ of n. In the case λ ̸= λ′, χAn ∈ Irr(An) and
in the case λ = λ′, χAn = ξλ +

(1,2)ξλ with ξλ ∈ Irr(An) and ξλ ̸= (1,2)ξλ. In this way, every irreducible
character of An occurs.

Proof. It holds that

(χ, χ)Sn + (χ, sgn ·χ)Sn =
1

n!

∑
g∈Sn

χ(g)2 + sgn(g)χ(g)2 =
2

n!

∑
g∈An

χ(g)2 = (χAn , χAn)An .

In the case λ ̸= λ′, sgn ·χ = χλ′ ̸= χ and (χAn , χAn)An = 1, i. e. χAn ∈ Irr(An).

Now let λ = λ′. Then it follows that (χAn , χAn)An = 2 and χAn is the sum of two distinct irreducible
characters of An. From Theorem 4.11 it thus follows that χAn = ξλ +

(1,2)ξλ for some ξλ ∈ Irr(An).

Finally, let ξ ∈ Irr(An) be arbitrary. Then (χAn , ξ)An = (χ, ξSn)Sn ̸= 0 for some χ ∈ Irr(Sn). Thus ξ
arises in the manner described above.

Remark 11.19. As usual, ⟨(1, 2)⟩ acts on Irr(An) and on Cl(An). According to Brauer’s permutation
lemma, there are exactly as many pairs (1,2)ξλ ̸= ξλ ∈ Irr(An) as there are pairs (1,2)K ̸= K ∈ Cl(An).
This can also be seen through the following bijection:

Φ : {partitions λ = λ′} −→ {λ = (λ1, . . . , λk) with λi odd and pairwise distinct},
(λ1, . . . , λk) 7−→ (2λ1 − 1, 2λ2 − 3, 2λ3 − 5, . . .)

7−→

Theorem 11.20. Let λ = λ′ be a partition of n. Then there exists exactly one partition µ = (µ1, . . . , µk)
of n with χλ(g) ≡ 1 (mod 2) for some g ∈ Sn of cycle type µ. It holds that

ξλ(h) =


1
2χλ(h) h does not have cycle type µ,

1
2χλ(h) +

1
2

√
(−1)

n−k
2 µ1 . . . µk h is conjugate to g in An,

1
2χλ(h)−

1
2

√
(−1)

n−k
2 µ1 . . . µk h is conjugate to (1,2)g in An

for a suitable choice of ξλ. The map Γ: λ → µ is a bijection between the partitions λ = λ′ and the
partitions µ with pairwise distinct odd parts.

Proof. We argue by induction on (n, λ), where λ is lexicographically ordered. wlog. let n ≥ 4.

Case 1: λ < (n−1
2 , 1, . . . , 1).

Let Φ(λ) = η = (η1, . . . , ηl). Then η1 < n and by induction the characters ξ1 := ξΓ−1(η1) ∈ Irr(Aη1)
and ξ2 := ξΓ−1(η2,...,ηl) ∈ Irr(An−η1) are known. Thus ξ1ξ2 ∈ Irr(Aη1 × An−η1). By means of An−η1 ∼=
Alt({η1 + 1, η1 + 2, . . . , n}) we can consider Aη1 ×An−η1 as a subgroup of An. We set

θ :=
(
ξ1ξ2 − (1,2)ξ1ξ2

)An .
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Let θ(h) ̸= 0 for some h ∈ An.

Claim: h has cycle type η.
Proof: There exists an x ∈ An with xhx−1 ∈ Aη1 × An−η1 . We write xhx−1 = (xhx−1)1(xhx

−1)2
with (xhx−1)1 ∈ Aη1 and (xhx−1)2 ∈ An−η1 . If (xhx−1)1 is not an η1-cycle, then by the induction
hypothesis ξ1((xhx−1)1) = (1,2)ξ1((xhx

−1)1) and θ(h) = 0. We can therefore assume that h1 is an
η1-cycle. Because η1 > ηi for i ≥ 2, we have x ∈ Sη1 × Sn−η1 . Next, let us assume that h2 does not
have cycle type (η2, . . . , ηl). In the case η2 = 1, it would follow that l = 2 and h2 = 1, since the
ηi are pairwise distinct. This contradiction shows η2 ̸= 1 and n − η1 ≥ 2. Now (xhx−1)2 also does
not have cycle type (η2, . . . , ηl) and it follows that ξ2((xhx−1)2) = ξ2(h) for all x ∈ Sη1 × Sn−η1 . Let
ζ := (η1 + 1, η1 + 2). As x varies, (1, 2)ζx also runs through the set An ∩ (Sη1 × Sn−η1). Here it holds
that

ξ1
(
((1, 2)ζxhx−1ζ(1, 2))1

)
− ξ1((ζxhx

−1ζ)1) =
(1,2)ξ1((xhx

−1)1)− ξ1((xhx
−1)1).

This yields the contradiction

θ(h) =
ξ2(h2)

|Aη1 ||An−η1 |
∑

x∈An∩(Sη1×Sn−η1 )

(
ξ1((xhx

−1)1)− (1,2)ξ1((xhx
−1)1)

)
= 0.

Claim: θ = ξ̃λ − (1,2)ξ̃λ with ξ̃λ ∈ Irr(An).
Proof: In the case η2 = 1 we have

θ(h) =
1

|Aη1 |
∑
x∈Aη1

ξ1(xhx
−1)− (1,2)ξ1(xhx

−1) = ±
√

(−1)
n−l
2 η1

according to the induction hypothesis. The sign depends here on the choice of the character ξ1 and
will be irrelevant in the following. Now let η2 > 1 and χ2 := χΓ−1(η2,...,ηl) ∈ Irr(Sn−η1). The summands
in θ(h) occur in pairs of the form

±
√

(−1)
η1−1

2 η1

(
1

2
χ2(h2)±

1

2

√
(−1)

n−η1−(l−1)
2 η2 . . . ηl

)
(replace x by (1, 2)ζx as above). Because |An ∩ (Sη1 × Sn−η1)| = 2|Aη1 ||An−η1 |, it follows that

θ(h) = ±2

√
(−1)

η1−1
2

+
n−η1−l+1

2 η1 . . . ηl

2
= ±

√
(−1)

n−l
2 η1 . . . ηl.

This shows
(θ, θ)An =

2|An : CAn(h)|
|An|

η1 . . . ηl = 2.

Because (1,2)θ = −θ, there exists a ξ̃λ ∈ Irr(An) with θ = ξ̃λ − (1,2)ξ̃λ.

Claim: The statement holds.
Proof: Let χ̃λ := ξ̃Snλ ∈ Irr(Sn) (see Theorem 4.13). Let h̃ ∈ An be of cycle type η. Based on the
values calculated above for θ, it follows that

ξ̃λ(h) =


1
2 χ̃λ(h) h does not have cycle type η,

1
2 χ̃λ(h) +

1
2

√
(−1)

n−l
2 η1 . . . ηl h is conjugate to h̃ in An,

1
2 χ̃λ(h)−

1
2

√
(−1)

n−l
2 η1 . . . ηl h is conjugate to (1,2)h̃ in An
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for a suitable choice of ξ̃λ. By definition, χ̃λ vanishes on Sn \An. If χ̃λ(h) ≡ 1 (mod 2), then h ∈ An,
and 1

2 χ̃λ(h) is not an algebraic integer. Thus h must then have cycle type η. Let us assume indirectly

that χ̃λ(h̃) ≡ 0 (mod 2). Along with ξ̃λ(h̃), then 1
2

√
(−1)

n−l
2 η1 . . . ηl is also an algebraic integer. Thus√

(−1)
n−l
2 η1 . . . ηl ·

1

2

√
(−1)

n−l
2 η1 . . . ηl =

1

2
(−1)

n−l
2 η1 . . . ηl ∈ Q \ Z

would also be an algebraic integer. This contradiction shows that χ̃λ takes odd values for exactly one
conjugacy class of Sn. For different λ < (n−1

2 , 1, . . . , 1), one obviously also obtains different χ̃λ. Thus
the claim of the theorem holds for all characters of Sn except (possibly) one.

Case 2: λ = (n−1
2 , 1, . . . , 1).

Because Φ(λ) = (n), n is odd. We denote the “missing” character by χ̃λ ∈ Irr(Sn). As usual, (χ̃λ)An =
ξ̃λ+

(1,2)ξ̃λ splits with ξ̃λ ∈ Irr(An). Let h ∈ K ∈ Cl(An) be of cycle type η = (η1, . . . , ηl). IfK ∈ Cl(Sn),
then ξ̃λ(h) = ξ̃λ(

(1,2)h) = (1,2)ξ̃λ(h) =
1
2 χ̃λ(h). According to Theorem 11.16, we can therefore assume

that the ηi are pairwise distinct and odd.

Case 2.1: η ̸= (n).
Let τ := Φ−1(η) ̸= λ. According to Case 1, it holds that

ξ̃τ (h)ξ̃τ ((1,2)h) + ξ̃τ (
(1,2)h)ξ̃τ (h) =

1

2
χ̃τ (h)

2 − 1

2
η1 . . . ηl,

ξ̃τ (h)ξ̃τ (h) + ξ̃τ (
(1,2)h)ξ̃τ ((1,2)h) =

1

2
χ̃τ (h)

2 +
1

2
η1 . . . ηl.

Let a := ξ̃λ(h) and b := ξ̃λ(
(1,2)h). Then a+ b = χ̃λ(h). According to the second orthogonality relation,

0 =
∑

ξ∈Irr(An)

ξ(h)ξ((1,2)h) =
1

2

∑
χ∈Irr(Sn),
χAn∈Irr(An)

χ(h)2 +
(∑
χ∈Irr(Sn),
χAn /∈Irr(An)

χ(h)2

2

)
− η1 . . . ηl

2
+ ab+ ba− χ̃λ(h)

2

2

=
1

2
|CSn(h)| −

1

2
η1 . . . ηl + ab+ ba− 1

2
χ̃λ(h)

2 = ab+ ba− 1

2
χ̃λ(h)

2

and

|CAn(h)| =
∑

ξ∈Irr(An)

ξ(h)ξ(h) =
1

2

∑
χ∈Irr(Sn),
χAn∈Irr(An)

χ(h)2 +
(∑
χ∈Irr(Sn),
χAn /∈Irr(An)

χ(h)2

2

)
+
η1 . . . ηl

2
+ aa+ bb− χ̃λ(h)

2

2

=
1

2
|CSn(h)|+

1

2
η1 . . . ηl + aa+ bb− 1

2
χ̃λ(h)

2 = |CAn(h)|+ aa+ bb− 1

2
χ̃λ(h)

2.

Equating gives ab+ ba = aa+ bb and (a− b)(b− a) = 0. This shows a = b = 1
2 χ̃λ(h).

Case 2.2: η = Φ(λ).
Then ξ̃τ (h) = 1

2 χ̃τ (h) for all τ ̸= λ according to Case 1. The second orthogonality relation yields

0 =
∑

ξ∈Irr(An)

ξ(h)ξ((1,2)h) =
1

2

∑
χ∈Irr(Sn),
χAn∈Irr(An)

χ(h)2 +
(∑
χ∈Irr(Sn),
χAn /∈Irr(An)

χ(h)2

2

)
+ab+ ba− χ̃λ(h)

2

2

=
1

2
η1 . . . ηl + ab+ ba− 1

2
χ̃λ(h)

2
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and

|CAn(h)| =
∑

ξ∈Irr(An)

ξ(h)ξ(h) =
1

2

∑
χ∈Irr(Sn),
χAn∈Irr(An)

χ(h)2 +
(∑
χ∈Irr(Sn),
χAn /∈Irr(An)

χ(h)2

2

)
+ aa+ bb− χ̃λ(h)

2

2

=
1

2
η1 . . . ηl + aa+ bb− 1

2
χ̃λ(h)

2.

Thus η1 . . . ηl = a(a− b) + b(b− a) = (a− b)(a− b). Let h := (a11, . . . , a
1
η1)(a

2
1, . . . , a

2
η2) . . . (a

l
1, . . . , a

l
ηl
)

and

x =
l∏

i=1

ηi−1

2∏
j=1

(aij+1, a
i
ηi−j+1).

Then xhx−1 = h−1. In the case n − l ≡ 0 (mod 4), sgn(x) = (−1)
η1−1

2
+...+

ηl−1

2 = (−1)
n−l
2 = 1. Then

h and h−1 are conjugate in An and a, b ∈ R (cf. Example 6.15). It follows that a− b = ±√
η1 . . . ηl and

a = 1
2 χ̃λ(h) +

1
2

√
η1 . . . ηl. Finally, let n − l ≡ 2 (mod 4). Here sgn(x) = −1. If there were a y ∈ An

with yhy−1 = h−1, then x ∈ xCSn(h) = yCSn(h) ⊆ An (see proof of Theorem 11.16). Thus h and
h−1 are not conjugate in An and b = a. Thus a− a =

√
−η1 . . . ηl and a = 1

2 χ̃λ(h) +
1
2

√
−η1 . . . ηl for

a suitable choice of ξ̃λ. For a fixed h̃ ∈ An of cycle type η, it therefore holds that

ξ̃λ(h) =


1
2 χ̃λ(h) h does not have cycle type η,

1
2 χ̃λ(h) +

1
2

√
(−1)

n−l
2 η1 . . . ηl h is conjugate to h̃ in An,

1
2 χ̃λ(h)−

1
2

√
(−1)

n−l
2 η1 . . . ηl h is conjugate to (1,2)h̃ in An.

Together with Case 1, it also follows that Γ is a bijection.

Example 11.21. For n = 5 one obtains from Example 11.14 the character table of A5 (cf. Exercise 8):

A5 (15) (22, 1) (3, 12) (5)1 (5)2
(5) 1 1 1 1 1
(4, 1) 4 . 1 −1 −1
(3, 2) 5 1 −1 . .
(3, 12)1 3 −1 . 1+

√
5

2
1−

√
5

2

(3, 12)2 3 −1 . 1−
√
5

2
1+

√
5

2

Remark 11.22. Let λ = λ′ with Young diagram Y and Φ(λ) = µ = (µ1, . . . , µk). Let x ∈ Sn be of
cycle type µ and let y ∈ Sn−µ1 be of cycle type (µ2, . . . , µk). We show χλ(x) = (−1)

n−k
2 by induction

on k. According to the Murnaghan-Nakayama formula, it holds that

χλ(x) =
∑

b box of Y,
h(b)=µ1

(−1)l(b)χλ\H(b)(y) = (−1)l(1,1)χλ\H(1,1)(y) = (−1)
µ1−1

2 χλ\H(1,1)(y).

In the case k = 1, we have χλ\H(1,1)(y) = 1 = µ1 and χλ(x) = (−1)
n−1
2 . Now let k ≥ 2 and the

statement be already proven for k − 1. Then

χλ(x) = (−1)
µ1−1

2 χλ\H(1,1)(y) = (−1)
µ1−1

2
+
n−µ1−k+1

2 = (−1)
n−k
2 .

In particular, χλ(x) is odd and in Theorem 11.20 we have Γ = Φ. The characters χ̃λ constructed in the
proof thus coincide with χλ. Furthermore, one thus knows the only non-integer values in the character
table of An explicitly.
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12 Exercises

Exercise 1 (2 points). Determine the irreducible representations of a finite cyclic group.

Exercise 2 (2+2+2 points). Let G be a finite group and V a C-vector space with basis {vg : g ∈ G}.
For g ∈ G let ∆(g) be the linear map on V that maps vh to vgh for h ∈ G.

(i) Show that ∆: G→ GL(V ) is a faithful representation of G.

(ii) Calculate the character of ∆.

(iii) Show that ∆ is not irreducible for G ̸= 1.

(One calls ∆ the regular representation of G.)

Exercise 3 (2+2+2+2+2+2 points). Let n ≥ 3 and

σ :=

(
ζ 0
0 ζ−1

)
, τ :=

(
0 1
1 0

)
with ζ := e2πi/n. One calls D2n := ⟨σ, τ⟩ dihedral group.

(i) Show: |D2n| = 2n.

(ii) Show that an irreducible character χ of D2n with χ(σ) = 1 and χ(τ) = −1 exists.

(iii) Show that for even n, irreducible characters χ and ψ of D2n with χ(σ) = ψ(σ) = −1 and
χ(τ) = −ψ(τ) = 1 exist.

(iv) Show that D2n possesses a representation ∆r with ∆r(σ) = σr and ∆r(τ) = τ for r ∈ Z.

(v) Show that ∆r is irreducible for r = 1, . . . , (n− 1)/2 (resp. r = 1, . . . , (n− 2)/2) if n is odd (resp.
even).

(vi) Determine a system of representatives for the similarity classes of irreducible representations of
D2n.

Exercise 4 (2 points). Let ∆ be a matrix representation of a finite group G, and let g ∈ G. Show
that ∆(g) is diagonalizable.
Hint : One can use the Jordan normal form or Theorem 1.10 of the lecture.

Exercise 5 (2+2+2 points). Let ∆ be a matrix representation of G with character χ.

(i) Show that ∆ with ∆(g) := ∆(g) for g ∈ G is also a matrix representation of G. Here ∆(g) is the
complex conjugate of ∆(g).

(ii) ∆ is irreducible if and only if ∆ is irreducible.

(iii) ∆ has character χ with χ(g) := χ(g) = χ(g−1) for g ∈ G.
Hint : One can use Exercise 4.

Exercise 6 (2 points). Let χ, ψ ∈ Irr(G) with χ(1) = 1. Show: χψ ∈ Irr(G).
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Exercise 7 (2+2+2+2 points). Let G,H be finite, abelian groups. Show:

(i) Ĝ := Irr(G) is an abelian group with respect to multiplication. (One calls Ĝ character group of
G.)

(ii) ̂̂
G ∼= G
Hint: Think of the bidual space. Do not use (iv).

(iii) Ĝ×H ∼= Ĝ× Ĥ.

(iv) Ĝ ∼= G.

Exercise 8 (2 points). Determine the character table of A5.

Exercise 9 (2+2+2 points). Show:

(i) For characters χ, ψ of G, the following holds: Ker(χ+ ψ) = Ker(χ) ∩Ker(ψ).

(ii) Every normal subgroup of G is the kernel of a character.

(iii)
⋂
χ∈Irr(G)Ker(χ) = 1.

Exercise 10 (2 points). Find a monic, integral polynomial with root
√
2 + 3

√
3.

Exercise 11 (2 points). Let N ⊴ G and χ ∈ Irr(G). Show that (χN )
G = χρ holds, where ρ is the

inflation of the regular character of G/N .

Exercise 12 (3 points). Let A be an abelian subgroup of G, and let χ ∈ Irr(G). Show: χ(1) ≤ |G : A|.

Exercise 13 (3 points). Calculate the eigenvalues of a permutation matrix. (A permutation matrix
contains exactly one 1 in each row and each column and zeros otherwise.)

Exercise 14 (3 points). Let H ≤ G and ∆ be a representation of H with character χ. Let t1, . . . , tm
be a transversal for the left cosets of H in G. For g ∈ G, let ∆̇(g) := ∆(g) if g ∈ H and 0 ∈ Zχ(1)×χ(1)
otherwise. For g ∈ G, we define the block matrix

∆G(g) :=

∆̇(t−1
1 gt1) · · · ∆̇(t−1

1 gtm)
...

. . .
...

∆̇(t−1
m gt1) . . . ∆̇(t−1

m gtm)

 .

Show that ∆G is a representation of G with character χG.

Exercise 15 (3 points). Let K be a finite field with |K| > 2. For a ∈ K× and b ∈ K, let fa,b : K → K,
x 7→ ax+ b. Show that

Aff(1,K) := {fa,b : a ∈ K×, b ∈ K} ≤ Sym(K)

is a Frobenius group.
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Exercise 16 (2 points). LetG be a Frobenius group with Frobenius complementH. Show: gcd(|H|, |G :

H|) = 1 (i. e. H is a Hall subgroup of G).

Exercise 17 (4 points). Show that subgroups and factor groups of p-elementary (resp. p-quasielementary)
groups are again p-elementary (resp. p-quasielementary).

Exercise 18 (2 points). Let P be a finite p-group. Show that P possesses a faithful, irreducible
character if and only if Z(P ) is cyclic.

Exercise 19 (3 points). Let G = ⟨g⟩ ∼= C3 and ∆: G→ GL(2,Q) with ∆(g) =
(−1 −1

1 0

)
. Show that ∆

is an irreducible Q-representation. Also show that ∆ considered as a (C-)representation is reducible.

Exercise 20 (2+2+2 points). Let G := SL(2, 3). Show:

(i) |G| = 24.

(ii) G/Z(G) ∼= A4.
Hint: Consider the action of G on the set of one-dimensional subspaces of F2

3.

(iii) G is not an M-group. (Thus, not every solvable group is an M-group.)

Exercise 21 (3 points). Let G be a group of odd order. Show: k(G) ≡ |G| (mod 16).
Hint: Consider χ = χ ∈ Irr(G).

Exercise 22 (3 points). Construct irreducible characters with Frobenius-Schur indicator 0, 1 and −1.

Exercise 23 (10 points). Decide which of the following group properties can be determined from the
character table of G:

(i) |G|,

(ii) commutativity,

(iii) the lengths of the conjugacy classes,

(iv) simplicity,

(v) normal subgroups and their order,

(vi) isomorphism type of G/G′,

(vii) isomorphism type of Z(G),

(viii) solvability,

(ix) isomorphism type (of G),

(x) derived length, i. e. min{n ∈ N : G(n) = 1}.
Hint : Use Google.3

3For writing final theses, researching must also be practiced :-)
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Bonus: nilpotency, nilpotency class, F(G) (Fitting group), Φ(G) (Frattini group), . . . (as far as terms
are known).

Exercise 24 (5 points). Given is the character table of G:

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 −1 1 1 1 −1 1 1 1 −1 1 1 1 −1 1 1

1 −1 1 1 β −β β β β −β β β 1 −1 1 1

1 −1 1 1 β −β β β β −β β β 1 −1 1 1

1 1 1 1 β β β β β β β β 1 1 1 1

1 1 1 1 β β β β β β β β 1 1 1 1
2 . α α′ 2 . α α′ 2 . α α′ 2 . α α′

2 . α′ α 2 . α′ α 2 . α′ α 2 . α′ α

2 . α α′ 2β . γ′ γ 2β . γ′ γ 2 . α α′

2 . α α′ 2β . γ′ γ 2β . γ′ γ 2 . α α′

2 . α′ α 2β . γ γ′ 2β . γ γ′ 2 . α′ α

2 . α′ α 2β . γ γ′ 2β . γ γ′ 2 . α′ α
3 −3 3 3 . . . . . . . . −1 1 −1 −1
3 3 3 3 . . . . . . . . −1 −1 −1 −1
6 . 3α 3α′ . . . . . . . . −2 . −α −α′

6 . 3α′ 3α . . . . . . . . −2 . −α′ −α

with

. = 0, α =
−1 +

√
5

2
, α′ =

−1−
√
5

2
,

β =
−1 +

√
3i

2
, γ = e2πi/15 + e8πi/15, γ′ = e14πi/15 + e−4πi/15.

Determine as many properties of G as possible.

Exercise 25 (2 points). Show that a simple group has no irreducible character of degree 2.

Exercise 26 (2 points). Let G be a simple group with an involution x, such that CG(x) is cyclic.
Determine G.

Exercise 27 (2+2 points). Let n ∈ N. Show:

(i) Two elements in Sn are conjugate if and only if they have the same cycle type.

(ii) The character table of Sn is integer-valued.
Hint : Use Galois theory.

Exercise 28 (2 points). Let G = G′ ≤ GL(2,C) and A ̸= 1 be an abelian normal subgroup of G.
Show A = Z(G) ∼= C2.

Exercise 29 (2+2+2+2+2+2+2 points). Let f : G → Sym(Ω) be a group action on a finite, non-
empty set Ω. Show:

(i) It holds that Sym(Ω) ∼= S|Ω|. In the following, we can therefore assume Ω = {1, . . . , n}.
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(ii) The map F : Sym(Ω) → GL(n,C), π 7→ (δiπ(j))
n
i,j=1 is a monomorphism. In particular, ∆ :=

F ◦ f : G→ GL(n,C) is a representation of G. (One calls ∆ a permutation representation.)

(iii) For the character χ of ∆, it holds that χ(g) := |{ω ∈ Ω : gω = ω}| for g ∈ G. (One calls χ a
permutation character.)

(iv) Let ω1, . . . , ωm be a system of representatives for the orbits of f . Then

χ =

m∑
i=1

1GGωi
,

where Gω := {g ∈ G : gω = ω} is the stabilizer of ω ∈ Ω in G.

(v) It holds that m = (1G, χ)G. In particular, χ− 1G is a character of G if |Ω| > 1.

(vi) If H1, . . . ,Hk are arbitrary subgroups of G, then
k∑
i=1

1GHi

is also a permutation character of G.

(vii) The set of permutation characters of G is closed under addition and multiplication.

Exercise 30 (2 points). Let n ∈ N. Show that GL(n,C) has a subgroup that is isomorphic to Sn+1.
Hint: One can use Exercise 29.

Appendix: Character Tables

The character tables of S3, S4, S5 and A3, A4, A5 have already been calculated.

S6 (16) (2, 14) (22, 12) (23) (3, 13) (3, 2, 1) (32) (4, 12) (4, 2) (5, 1) (6)

(6) 1 1 1 1 1 1 1 1 1 1 1
(5, 1) 5 3 1 −1 2 . −1 1 −1 . −1
(4, 2) 9 3 1 3 . . . −1 1 −1 .
(4, 12) 10 2 −2 −2 1 −1 1 . . . 1
(32) 5 1 1 −3 −1 1 2 −1 −1 . .

(3, 2, 1) 16 . . . −2 . −2 . . 1 .
(3, 13) 10 −2 −2 2 1 1 1 . . . −1
(23) 5 −1 1 3 −1 −1 2 1 −1 . .

(22, 12) 9 −3 1 −3 . . . 1 1 −1 .
(2, 14) 5 −3 1 1 2 . −1 −1 −1 . 1
(16) 1 −1 1 −1 1 −1 1 −1 1 1 −1

A6 (16) (22, 12) (3, 13) (32) (4, 2) (5, 1)1 (5, 1)2
(6) 1 1 1 1 1 1 1
(5, 1) 5 1 2 −1 −1 . .
(4, 2) 9 1 . . 1 −1 −1
(4, 12) 10 −2 1 1 . . .
(32) 5 1 −1 2 −1 . .

(3, 2, 1)2 8 . −1 −1 . 1−
√
5

2
1+

√
5

2

(3, 2, 1)1 8 . −1 −1 . 1+
√
5

2
1−

√
5

2
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S7 (17) (2, 15) (22, 13) (23, 1) (3, 14) (3, 2, 12) (3, 22) (32, 1) (4, 13) (4, 2, 1) (4, 3) (5, 12) (5, 2) (6, 1) (7)
(7) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
(6, 1) 6 4 2 . 3 1 −1 . 2 . −1 1 −1 . −1
(5, 2) 14 6 2 2 2 . 2 −1 . . . −1 1 −1 .
(5, 12) 15 5 −1 −3 3 −1 −1 . 1 −1 1 . . . 1
(4, 3) 14 4 2 . −1 1 −1 2 −2 . 1 −1 −1 . .
(4, 2, 1) 35 5 −1 1 −1 −1 −1 −1 −1 1 −1 . . 1 .
(4, 13) 20 . −4 . 2 . 2 2 . . . . . . −1
(32, 1) 21 1 1 −3 −3 1 1 . −1 −1 −1 1 1 . .
(3, 22) 21 −1 1 3 −3 −1 1 . 1 −1 1 1 −1 . .
(3, 2, 12) 35 −5 −1 −1 −1 1 −1 −1 1 1 1 . . −1 .
(3, 14) 15 −5 −1 3 3 1 −1 . −1 −1 −1 . . . 1
(23, 1) 14 −4 2 . −1 −1 −1 2 2 . −1 −1 1 . .
(22, 13) 14 −6 2 −2 2 . 2 −1 . . . −1 −1 1 .
(2, 15) 6 −4 2 . 3 −1 −1 . −2 . 1 1 1 . −1
(17) 1 −1 1 −1 1 −1 1 1 −1 1 −1 1 −1 −1 1

A7 (17) (22, 13) (3, 14) (3, 22) (32, 1) (4, 2, 1) (5, 12) (7)1 (7)2
(7) 1 1 1 1 1 1 1 1 1
(6, 1) 6 2 3 −1 . . 1 −1 −1
(5, 2) 14 2 2 2 −1 . −1 . .
(5, 12) 15 −1 3 −1 . −1 . 1 1
(4, 3) 14 2 −1 −1 2 . −1 . .
(4, 2, 1) 35 −1 −1 −1 −1 1 . . .

(4, 13)1 10 −2 1 1 1 . . −1+
√
−7

2
−1−

√
−7

2

(4, 13)2 10 −2 1 1 1 . . −1−
√
−7

2
−1+

√
−7

2
(32, 1) 21 1 −3 1 . −1 1 . .

A8 (18) (22, 14) (24) (3, 15) (3, 22, 1) (32, 12) (4, 2, 12) (42) (5, 13) (6, 2) (5, 3)1 (5, 3)2 (7, 1)1 (7, 1)2
(8) 1 1 1 1 1 1 1 1 1 1 1 1 1 1
(7, 1) 7 3 −1 4 . 1 1 −1 2 −1 −1 −1 . .
(6, 2) 20 4 4 5 1 −1 . . . . . 1 −1 −1
(6, 12) 21 1 −3 6 −2 . −1 1 1 1 1 . . .
(5, 3) 28 4 −4 1 1 1 . . −2 1 1 −1 . .
(5, 2, 1) 64 . . 4 . −2 . . −1 −1 −1 . 1 1
(5, 13) 35 −5 3 5 1 2 −1 −1 . . . . . .
(42) 14 2 6 −1 −1 2 . 2 −1 −1 −1 . . .

(4, 3, 1) 70 2 −2 −5 −1 1 . −2 . . . 1 . .
(4, 22) 56 . 8 −4 . −1 . . 1 1 1 −1 . .

(4, 2, 12)1 45 −3 −3 . . . 1 1 . . . . −1+
√
−7

2
−1−

√
−7

2

(4, 2, 12)2 45 −3 −3 . . . 1 1 . . . . −1−
√
−7

2
−1+

√
−7

2

(32, 2)1 21 1 −3 −3 1 . −1 1 1 −1+
√
−15

2
−1−

√
−15

2 . . .

(32, 2)2 21 1 −3 −3 1 . −1 1 1 −1−
√
−15

2
−1+

√
−15

2 . . .

Let q be a prime power, x, y ∈ F×
q and z ∈ Fq2 \Fq. Every element in GL(2, q) is conjugate to one of the

following matrices: ax := diag(x, x), bx :=
(
x 1
0 x

)
, cx,y := diag(x, y) with x ̸= y and dz with eigenvalues

z, zq. Here cx,y ∼ cy,x and dz ∼ dzq hold. In particular,

2q − 2 +
(q − 1)(q − 2)

2
+
q(q − 1)

2
= q2 − 1

is the number of conjugacy classes of GL(2, q). Let α, β ∈ Irr(Fq) and γ ∈ Irr(Fq2) with α ̸= β and
γq ̸= γ. The character table of GL(2, q) is
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# q − 1 q − 1 (q − 1)(q − 2)/2 q(q − 1)/2
|Gg| 1 q2 − 1 q2 + q q2 − q

GL(2, q) # ax bx cx,y dz
χα q − 1 α(x)2 α(x)2 α(x)α(y) α(zq+1)
ψα q − 1 qα(x)2 0 α(x)α(y) −α(zq+1)
ρα,β (q − 1)(q − 2)/2 (q + 1)α(x)β(x) α(x)β(x) α(x)β(y) + α(y)β(x) 0
τγ q(q − 1)/2 (q − 1)γ(x) −γ(x) 0 −γ(z)− γ(z)q

It holds that |SL(2, q)| = (q − 1)q(q + 1). There exist cyclic subgroups X,Y ≤ G of order q − 1 and
q + 1 respectively with X ∩ Y = Z = ⟨−12⟩ = Z(G). Let X0 := X \ Z and Y0 := Y \ Z. The p-Sylow
subgroups are elementary abelian of order q.

First let q = pn be odd. Up to conjugation there are two elements a, b of order p. Let α, α0 ∈ Irr(X) \
{1X} and β, β0 ∈ Irr(Y ) \ {1Y } with α2 ̸= α2

0 = 1 = β20 ̸= β2. The character tables are:

• q ≡ 1 (mod 4):

g 1 −1 x ∈ X0 y ∈ Y0 ±a ±b
|CG(g)| 1 1 q2 + q q2 − q q2−1

2
q2−1
2

1G 1 1 1 1 1 1
ρ q q 1 −1 0 0

η1
q+1
2

q+1
2 α0(x) 0

1+
√
q

2
1−√

q
2

η∗1
q+1
2

q+1
2 α0(x) 0

1−√
q

2
1+

√
q

2

η2
q−1
2 − q−1

2 0 −β0(y)
∓1+

√
q

2
∓1−√

q
2

η∗2
q−1
2 − q−1

2 0 −β0(y)
∓1−√

q
2

∓1+
√
q

2
χα q + 1 α(−1)(q + 1) α(x) + α(x)−1 0 α(±1) α(±1)
ψβ q − 1 β(−1)(q − 1) 0 −β(y)− β(y)−1 −β(±1) −β(±1)

• q ≡ −1 (mod 4):

g 1 −1 x ∈ X0 y ∈ Y0 ±a ±b
|CG(g)| 1 1 q2 + q q2 − q q2−1

2
q2−1
2

1G 1 1 1 1 1 1
ρ q q 1 −1 0 0

η1
q+1
2 − q+1

2 α0(x) 0 ∓1+
√
−q

2
∓1−

√
−q

2

η1
q+1
2 − q+1

2 α0(x) 0 ∓1−
√
−q

2
∓1+

√
−q

2

η2
q−1
2

q−1
2 0 −β0(y) −1+

√
−q

2
−1−

√
−q

2

η2
q−1
2

q−1
2 0 −β0(y) −1−

√
−q

2
−1+

√
−q

2
χα q + 1 α(−1)(q + 1) α(x) + α(x)−1 0 α(±1) α(±1)
ψβ q − 1 β(−1)(q − 1) 0 −β(y)− β(y)−1 −β(±1) −β(±1)

• p = 2: Here Z = 1 and up to conjugation there is only one element a of order 2.

g 1 a x ∈ X0 y ∈ Y0
|CG(g)| 1 q q − 1 q + 1

1G 1 1 1 1
ρ q 0 1 −1
χα q + 1 1 α(x) + α(x)−1 0
ψβ q − 1 −1 0 −β(y)− β(y)−1
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Here χα = χα and ψβ = ψβ hold.
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Index
Symbols
∥A∥, 43
(χ, ψ)G, 7
1G, 4
α∆, 31
αχ, 31
CF(G), 7
CG(g), 7
Cl(G), 7
Cn, 12
∆⊕ Γ, 4
∆H , 4
∆⊗ Γ, 11
G′, 12
G(i), 31
gω, 23
gφ, 19
H\G/K, 26
Irr(G), 6
Irr(G|φ), 19
k(G), 10
Ker(χ), 14
λ′, 50
NG(H), 19
νn(χ), 32
ωχ(C), 9
φG, 18
φH , 18
Qn, 46
sgn, 4
θn(g), 32
U(n,C), 43
xp, 36
xπ, 36
Z(χ), 14
det∆, 6

A
algebraic integer, 15
Artin, 29

B
Blichfeldt, 47
branching rule, 53
Brauer, 30, 42
Brauer’s Induction Theorem, 28
Brauer-Burnside, 49
Brauer-Dade, 36
Brauer-Fowler, 34
Brauer-Suzuki, 39
Brauer’s Permutation Lemma, 23
Burnside, 17, 42
Burnside algorithm, 14

Burnside’s transfer theorem, 40

C
centralizer, 7
character, 6

algebraically conjugate, 31
center, 14
conjugate, 20
degree, 6
faithful, 6
generalized, 10
irreducible, 6
linear, 6
p-rational, 46
trivial, 6
virtual, 10

character group, 59
character table, 11

A4, 13
A5, 57
abelian group, 12
C2 × C2, 12
Cn, 12
D2n, 58
S4, 22
S5, 52

class function, 7
class multiplication constant, 9
Clifford correspondence, 20
commutator, 12
conjugacy class, 7
constituent

irreducible, 10
multiplicity, 10

D
Dade, 39
deflation, 4
∆-invariant, 5
derived subgroup, 12
dihedral group, 58
Dixon-Schneider algorithm, 15
double cosets, 26

E
exponent, 30

F
Focal Subgroup Theorem, 41
Frattini argument, 47
Frobenius, 24, 35, 41
Frobenius complement, 23
Frobenius group, 23
Frobenius kernel, 25
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Frobenius reciprocity, 18
Frobenius-Young, 51
Frobenius-Schur indicator, 33

G
Gallagher, 21
group action, 23

H
Hall subgroup, 45
hook, 52
hook length formula, 52

I
induction, 18
inertia group, 19
inflation, 4
involution, 34
Itô, 21

J
Jordan, 44

K
K-representation, 29
Kronecker product, 11

M
Mackey, 26
Maschke, 5
matrix representation, 3

trivial, 4
M-group, 31
monomial, 31
Murnaghan-Nakayama formula, 53

N
normal complement, 23
normalizer, 19

O
orthogonality relation

first, 8
second, 9

P
partition, 49
p-factor, 36
π-element, 36
π-factor, 36
π-group, 36

R
ramification index, 20
representation, 3

degree, 3
faithful, 4
irreducible, 5

reducible, 5
regular, 58
similar, 4
trivial, 4

S
Schur relations, 7
Schur’s Lemma, 6
Solomon, 27

T
Taketa, 32
Taunt, 22

U
unitary group, 43

W
Wielandt, 39, 48

Y
Young diagram, 50

conjugate, 50
Young subgroup, 50
Young tableau, 50
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